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Abstract. In this work we introduce reciprocity functors, construct the as- 
sociated K-group functor of a family of reciprocity functors, which itself is a 
reciprocity functor, and compute it in several different cases. It may be seen 
as a first attempt to get close to the notion of reciprocity sheaves imagined 
by B. Kahn. Commutative algebraic groups, homotopy invariant Nisnevich 
sheaves with transfers, cycle modules or Kahler differentials are examples of 
reciprocity functors. As commutative algebraic groups do, reciprocity functors 
are equipped with symbols and satisfy a reciprocity law for curves. 
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Introduction 

Let F be a perfect field. In this work we introduce reciprocity functors. As 
cycle modules introduced by M. Rost in [27], reciprocity functors are functors with 
transfers and additional structures, defined on finitely generated field extensions of 
F. However as cycle modules are modeled after Milnor's K-theory, our model is 
the treatment of local symbols for smooth connected and commutative algebraic 
groups over an algebraically closed field as done by J. -P. Serre in J3JJ. These alge- 
braic groups are not the only examples of reciprocity functors: homotopy invariant 
Nisncvich sheaves with transfers, cycle modules, Kahler differentials, all provide 
other examples of reciprocity functors. 

Given reciprocity functors . . . , ^#„, our main construction is a reciprocity 
functor T . . . ,^ n ) that we call the K-group of Ji\, . . . ,Jt n , although it is 
much more than a group, it is a reciprocity functor. This construction, though 
formally different, is related to the K-group attached by M. Somekawa in [32] to 
a family of semi-Abelian varieties and its variants introduced in [25] [2J [TJJ . We 
compute this K-group in several cases. This may be compared to results by W. 
Raskind-M. Spiefi[2S]. R. Akhtar [2], B. Kahn-T. Yamazaki [Tg] and T. Hiranouchi 
[TT] . This K-group is also related to the non- homotopy invariant world e.g. the 
additive Chow groups of S. Bloch and H. Esnault. 

Detailed description of this work 

Let F be a perfect field and S = Spec F, A point over S or - for short - an 5-point 
is the spectrum of a finitely generated field extension and we denote by Reg 1 * 1 the 
category with objects the regular S-schemes of dimension 1, which are separated 
and of finite type over some S-point. For example any curve which is regular and 
projective over some 5-point is in Reg^ 1 as well as all its points (closed or not) and 
non-empty open subsets. As in [33] we can define the category Reg^ 1 Cor, which 
has the same objects as Reg^ 1 but finite correspondences as morphisms. 

Inspired by J. -P. Serre's treatment of local symbols for smooth connected and 
commutative algebraic groups over an algebraically closed field in \6\\ we define 
a reciprocity functor to be a presheaf ^ of Abelian groups on Reg^Cor, which 
satisfies the following conditions: 
(Nis) ./# is a sheaf in the Nisnevich topology on Reg^ 1 . 

(F.P.) For all connected X £ Reg^ 1 with generic point 77, the group ^#(77) is the 

stalk in the generic point of ^ viewed as a Zariski sheaf on X. 
(Inj) For all connected X € Reg^ 1 and all non-empty open subsets U C X the 

restriction map j&{X) -#(J7) is injective. 
(MC) For all regular projective and connected curves C € Reg^ 1 , all non-empty 

open subsets U C C and sections a £ *df(U) there exists an effective divisor 

m with support equal to C \ U and 

^2 v P (f)Tr P/xc sp(a) = 0, 
Peu 

where / is any non-zero element in the function field of C, which is con- 
gruent to 1 modulo m (i.e. div(/ — 1) ^ m), vp is the discrete valuation 
associated to the closed point P £ C, sp : df(U) — > ^#(P) is the spe- 
cialization map, which is simply given by the pullback along the natural 
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inclusion P ^ U, x c = Spec H°(C, C ) and r Tr P / xc : JC{P) Jt(xc) is 
the pushforward along the finite map P — > xc- 

Though the point of view of sheaves with transfers is quite convenient, we may give 
a description of reciprocity functors reminiscent of cycle modules (see Proposition 
ll.3.6p . It is indeed easy to see that a presheaf on Reg^ 1 Cor, which satisfies (F.P.) 
and (Inj) can be interpreted as a collection of groups ^M(x) for each 5-point x 
together with pullback (resp. pushforward) maps for each (resp. finite) map be- 
tween S'-points, which satisfy certain natural compatibilities (so far one can call 
these data a Mackey functor), plus for all regular projective and connected curves 
C with generic point rj and for all non-empty open subsets U C C a subgroup 
^(U) C jjt{j]c) on which a specialization map sp : ^(U) — > ^(P) is defined 
for all P £ U, which satisfy certain compatibilities. The condition (MC) is nothing 
but the modulus condition from [31] . Finally the reason that we work with the Nis- 
nevich topology is that we want the transfers structure not to be destroyed by the 
sheafification process and as V. Voevodsky showed in [35], the Nisnevich topology 
is the right topology for this. 

Our main examples of reciprocity functors are (sec §2) 

• Smooth commutative algebraic groups over S (this essentially follows from 
a theorem of M. Rosenlicht). 

• Rost's cycle modules. 

• By going to the generic stalks each homotopy invariant Nisnevich sheaf 
with transfers (in the sense of |35| ) & defines a reciprocity functor denoted 
by #. 

• Absolute Kahler differentials of degree n > 0, x H > f2"/ Z - 

As a particular case of the second or third point above we also obtain 

• For any smooth projective variety X over S of pure dimension d and any 
n ^ the functor on S'-points x <-> CHo(Xj;, n) defines a reciprocity functor, 
where CHo(A K ,n) denotes Bloch's higher Chow groups. 

In the same way as J. -P. Serre, we can show that a reciprocity functor ^ has 
local symbols. More precisely, if C is a regular projective and connected curve over 
some S-point x with generic point n, then for all closed points P £ C there exists 
a bilinear map 

(-, -) P : .-#(77) x G m (rj) -*Jj{{x), 

which is continuous, when j$(r\) and j$(x) are equipped with the discrete topology 
and Gr m {v) with the mp-adic toplogy (mp the maximal ideal in the local ring of 
C at P) and satisfies (a,f)p = Vp(f)Trp/ x (sp(a)), for all a £ ^c,p, an d the 
reciprocity law J2pec( a ' f)p = 

These local symbols provide an increasing and exhaustive filtration Fi\' P ^(r)), 
where Fil P ^(r]) = ^c,p and Fil P ^#(?j) is the subgroup consisting of the elements 
a £ ^({rj) such that (a, l+m P )p = 0. We denote by RF the category of reciprocity 
functors and by RF„ the full subcategory consisting of those reciprocity functors 
such that Filp^#(?7) = ^#(ry) for all P £ C as above. Then Abelian varieties 
or CHo(A"), with X smooth projective, lie in RFo, semi-Abclian varieties, Rost's 
cycle modules and homotopy invariant Nisnevich sheaves with transfers lie in RFi, 
whereas G a or more general the Kahler differentials do not lie in any RF„ (since 
the pole order is not bounded). Notice that for the homotopy invariant examples 
above there in fact exists a fine symbol with values in the residue fields; it seems 
that in general one cannot hope to get something like this, e.g. in the case of the 
additive group G a the best the authors can get for P £ C as above is a symbol 
with values in in the separable closure of x in P. 
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Main results 

Now let . . . and jV be reciprocity functors. Then an n- linear map of 
reciprocity functors <& : ^\ x . . . x — »• jV is an n-linear map of sheaves, which is 
compatible with pullback, satisfies a projection formula and the following condition 

(L3) $(Filp^ 1 (r ? ) x . ..Filp^fo)) c F il£ ax{ri '"" r "> J 

for all regular projective curves C with generic point r\ and P G C a closed point 
and all positive integers ri, . . . , r n ^ 1. We denote by n — Lin(^#i, . . . , J% n \ <yf) 
the group of n-linear maps as above. Then the main theorem of this article is the 
following: 

Theorem (see Theorem 14.2. 4p . The functor RF — > (Abelian groups), jY i-» n — 
Lin(^#i, . . . jV) is representable by a reciprocity functor 

We call T(^#i, . . . , ^#„) the K-group of ■ ■ ■ , although it is much more 
than a group, it is a reciprocity functor. We would like to call this a tensor prod- 
uct, unfortunately it is not clear whether associativity is satisfied (one reason is the 
condition (L3)). But all other properties of a tensor product hold: we have commu- 
tativity, compatibility with direct sums, the constant reciprocity functor Z is a unit 
object and it is right exact (the category of reciprocity functors is quasi- Abelian in 
the sense of |29j . in particular we have kernels and cokernels and a notion of short 
exact sequences and right exact functors on it, see §3). 

We have the following computations: 

Theorem (see Theorem I5.1.8|) . Let &\ , . . . , & n G HInis be homotopy invariant 
Nisnevich sheaves with transfers. There exists a canonical and functorial isomor- 
phism of reciprocity functors 

T(A, G*i ®HI Nis • ■ • ®HI Ni3 &nT- 

This theorem should be compared to the main theorem of |16| . where B. Kahn 
and T. Yamazaki prove that the right hand side evaluated at S is isomorphic to 
K(5, . . . , & n )i a variant of Somekawa's K-groups. In particular we obtain 
that over a perfect field T(Gi, . . . , G n )(S) with Gi semi-Abelian varieties equals 
Somekawa's K-group at S. In the same way as in |16j we obtain as a corollary: 

Corollary (see Corollarv l5.2.5p . Let X\, . . . , X n be smooth projective schemes over 
S and r ^ an integer. Then for all S -points x we have an isomorphism 

T(CHo(XO, . . . , CHo(X„),G* r )(z) = CH (Xi 

Using a variant of Somekawa's K-groups on the left hand side the above iso- 
morphism was proven by W. Raskind and M. Spicfi in [26] (case r = 0) and by R. 
Akhtar in (case r > 0). 

We can use this as in [32] or to determine the kernel of the Albanese map 
of a product of smooth projective and connected curves over S = SpecF, where 
F is algebraically closed. If e.g. C\, C2 are two such curves then the choice of an 
-F-rational point in Ci yields a splitting of CHo(Ci) as a direct sum of reciprocity 
functors CH (C;)° © Z, where CH (C;)° is the group of zero cycles of degree on 
Ci (it is a reciprocity functor since it is the kernel of the degree map, which is a 
map of reciprocity functors). Further denote Ji the Jacobian of Ci. Then 

CH (Ci x C 2 ) = T (CH (Ci)° e Z, CH (C 2 )° Z) (S) 

= T (CH (Ci)°, CH (C 2 )°) (S) © JiGS) © J 2 (S) © Z. 
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Thus T (CH (Ci)°, CH (C* 2 ) ) (3) is the kernel of the Albanese map 

alb : CH (Ci x C 2 )° -> Alb(d x C 2 ){S) = Ji(5) © J 2 (S). 

Further we can also calculate by hand: 

Theorem (see Theorem 15. 3. 3[) . For all n 1 and all S -points x = Spec k, there 
is canonical isomorphism 

t(C)(^k:w, 

where K^(fc) denotes the n-th Milnor K -group of k. 

Observe that combining the corollary above in the case n = 1 and X\ = S 
with this theorem we get the Nesterenko-Suslin theorem CH"(fc, n) = K™(k). But 
actually to prove the above theorem we use more or less the same methods as Yu. 
Nesterenko and A. Suslin, so it is not really a new proof of their theorem. 

Theorem (see Theorem 15. 4.7p . Assume F has characteristic zero. Then there is 
an isomorphism for all S-points x 

e-M2 /z ^T(G a ,G* n )(x). 

Combining the above theorem with the theorem of S. Bloch and H. Esnault in 
[3] which identifies ty^Jz w ith the additive higher Chow groups of x of level n (and 
with modulus 2) , we obtain 

T^G*"" 1 )^) = TCH"(x, n, 2). 

This result does not hold in positive characteristic. The reason is essentially 
that in positive characteristic the algebraic group (or the reciprocity functor) G tt 
has more endomorphisms than in characteristic zero, namely the absolute Frobenius 
comes into the game. This forces the following 

Corollary (see Corollary 15.4.12]) . Assume F has characteristic p > 0. Then for 
all S-points x we have a surjective morphism 

and the following commutative diagram 

T(G o ,G£»)(a0 -^T(<G a ,G*)(x), 

where F : G a — > G a is the absolute Frobenius, C _1 : f2™/ z — > ^x/z/^xjz * s ^ e 
inverse Cartier operator and B^ is the union over B„, where B\ = dil^J^ and B n 
is the preimage of C (B n -\) in f or n ^ 

We don't know whether the above map is an isomorphism. The above theorem 
and the corollary should be compared to [TT], where T. Hiranouchi defines a variant 
of Somekawa's K-groups for perfect fields in which one can also plug in G a (and 
also Witt group schemes) and in [TTJ Theorem 3.6] he proves fi£y z = K(F; G a , G^). 
(Notice that in positive characteristic this is just a vanishing result for the K-group, 
which for our group also follows from the above corollary.) 

Let us also mention the following vanishing result: 

Theorem (see Theorem I5.5.1|) . Assume char(F) ^ 2. Let ^\ , . . . , be reci- 
procity functors and assume that at least two of them are smooth connected com- 
mutative unipotent group schemes over S . Then 

T(„^, , . . . , JZ n ) = 0. 
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Finally, we want to stress, that we tried to find a minimal set of axioms for a 
reciprocity functor in order to obtain the above results. There are further very 
natural axioms which one could impose, e.g. that the composition of specialization 
maps is independent of the chosen specialization chain, see for example Morel's ax- 
iom (A4) in the definition of an unramified J^-datum in [2U Definition 1.9]. The 
authors hope that there might be some extra axioms to impose on a reciprocity 
functor, which could help to get around some difficulties, e.g. that we don't know 
whether RF is an abelian category (with the current definition it is probably not) 
or the missing associativity for the T-functor. Thus what we call reciprocity func- 
tor should maybe called a pre-reciprocity functor and the actual definition of a 
reciprocity functor is still to be given. 

Conventions and notations 

We fix the following notations and conventions: 

(1) F is a perfect field and S = Spec F is our base point. A point x over S is a 
morphism Spec k — > S, where A: is a finitely generated field extension over 
F. By abuse of notation we will also say that x = Spec A: is a point over 
S, meaning that it comes with a fixed morphism to S and (by even more 
abuse) we will simply say x is an S-point. If not said differently cartesian 
products of schemes are over S. 

(2) R is a commutative ring with 1 and we denote by (R — mod) the category 
of i?-modules. 

(3) By a curve over an S-point x we mean a pure 1-dimensional scheme, which 
is separated and of finite type over x. Points on a curve C over an S'-point x, 
which are denoted by capital letters like P,Q,P',. . . £ C are always meant 
to be closed points; if C is irreducible its generic point will be denoted by 
r\c or just by r\ if no confusion can arise. 

(4) If X is a scheme and x £ X is a point, we denote by k(x) its residue field, 
if X is integral and r\ is its generic point then we also write n(X) = k(j]) 
for its function field. 

(5) If / : X — > Y is a morphism of S-schemes we denote by Tf C X x Y its 
graph and by its transpose. 

(6) If C is a regular connected curve over a field and P £ C is a closed point, 
then we set for a positive integer n 

U p n) :=l+m£, 

where mp C 6c.p denotes the maximal ideal. Further we denote by vp : 
k(C) — > Z U {oo} the normalized discrete valuation associated to P. 

If D —> C is a finite and surjective morphism between regular curves 
over a field, sending a closed point Q £ D to P £ C, we will denote by 
e(Q/P) and f(Q/P) = [k(Q) ■ k(P)] the ramification index and the inertia 
degree, respectively. 

(7) If X is an integral scheme we denote by X the normalization of X and by 
vx '■ X — > X the corresponding map. 

1. Reciprocity Functors 

1.0.1. We introduce the following categories: 

(1) Let (pt/5) be the category with objects the S'-points x and morphisms the 
5-morphisms x — > y of S'-points. 

(2) Let (pt/S% be the category with objects the S-points and morphisms the 
finite S-morphisms of S-points. 



K-GROUPS OF RECIPROCITY FUNCTORS 



7 



(3) Let (ftf/S) be the category with objects the regular, connected and projec- 
tive curves C over some S-point, morphisms are dominant morphisms of 
S-schemes. 

(4) Let Regf 1 = Reg^ 1 be the category with objects the regular S-schemes of 
dimension ^ 1, which are separated and of finite type over some S-point, 
morphisms are morphisms of S'-schemes. 

(5) Let RegCon^ 1 (resp. RegConip) be the category with objects the con- 
nected regular S'-schemes of dimension ^ 1 which are separated and of fi- 
nite type over some S-point, morphisms are morphisms of S-schemes (resp. 
finite flat morphism of S-schemes). 

Notice that (pt/S) is a subcategory of Reg^ 1 and that we have a faithful functor 
0«f/S) ->• Reg°. Further if U is in Reg^ 1 , then any point y G U naturally defines 
an S-point. If U G Reg 5 * 1 is connected and 1 dimensional, then it admits an open 
immersion into a curve C £ (ff/S) and C is unique up to isomorphism. For a curve 
C £ Caf/S), we denote 

x c := Spec H°(C, @ c ) 6 (pt/S), (1.1) 
Notice that C — > xc is projective and geometrically connected. 

1.1. Correspondences in dimension at most 1. 

1.1.1. Definition. Let X and Y be in Reg^ 1 . Then we denote by Cotr(X, Y) = 
Cor(X, Y) the free i?-module generated by symbols [V] with V an integral closed 
subscheme of X x Y , which is finite and surjective over a connected component of X . 
Elements in Cor(X, Y) are called correspondences from X to Y and correspondences 
of the form [V] with V as above are called elementary correspondences. 

1.1.2. Lemma. Let X, Y and Z be in Reg^ 1 and let [V] £ Cox{X,Y), [W] e 
Cor(y, Z) be elementary correspondences. Let (V x Z)(l(X x W) be the intersection 
in X x Y x Z and let T be an irreducible component with generic point rj. Then T 
as well as its image in X x Z are finite and surjective over a connected component 
of X and 

Torf XxVxZ "(^ , y xZjT ,, X xW,n) = for all i ^ 1. 

Proof. For the first statement see e.g. [331 !•]• To prove the vanishing of the higher 
Tor's we can assume that the schemes V, W, X, Y, Z are all integral of dimension 
^ 1 and hence are CM. We can spread them out to integral schemes V, W, X, Y, Z, 
which are separated and of finite type over S such that X, Y, Z are smooth over 
S (this is possible since S is perfect) and V C X x Y and W C Y x X are 
closed subschemes, which are finite and surjective over the first factor and which 
we can assume to be CM (by [TOJ Cor. (6.4.2)] applied to V -> V, W -> W). 
Furthermore we can assume that T spreads out to an integral closed subscheme 
f C (V x Z) n (X x W), which is finite and surjective over X. Since it clearly 
suffices to prove the vanishing of the over-lined- Tor's wc can assume in the following 
that V, W, X, Y, Z are integral, separated and of finite type over S (of some positive 
dimension) with X, Y, Z smooth over S and V,W CM. We set A := &xxYxz,rj, 
Ay := &vxz,T], Aw '■= &xx\v,v Since A is regular the kernel of 

B := A <S> F A -> A, a®b^ab 

is generated by a regular sequence t = t\, . . . ,t n , with n := dim A Hence the 
Koszul complex K^(t) is a free resolution of the B-module A. By [TU1 Cor. (6.7.3)] 
the i?-algebra Ay ® p Aw is CM of dimension 

dim(Ay ® p Aw) = dim Ay + dim Aw = dim Y + dim Z = dim A = n 
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and 

(A v ® F A w )/(t) = (A v <E) F A w ) (g) B A = A v ® A A w = @ V x Y w, v 

has finite length. Thus t is a system of parameters for the CM B- module Av<£)fAw 
and we obtain for i 1 

Torf (A V ,A W ) = Torf (A v ® F A w , A), see e.g. [HI V, (2)], 

= Hi(K?(t) ® B (A v ® F A w )) 

= 0, by [301 IV, Thm 3, iv)]. 
Hence the statement. □ 

1.1.3. Definition. (1) Let X, Y and Z be in Reg^ 1 and let [V] £ Cor(X,Y) 

and [W] € Cor(Y, Z) be elementary correspondences. Then we define 

[W}o[V]:= Wvx Y W, VT )-pxz*[T], 

TCVXyW 

where T runs over the irreducible components of V Xy W, ryr is the generic 
point of T and pxz ■ V Xy W — > X x Z is the natural map induced by 
projection. It follows from Lemma 11.1.21 that [W] o [V] is an element in 
Cor(X, Z) and coincides with the pushforward to X x Z of the intersection 
cycle [V x Z] ■ [X x W] (in the sense of [3UJ V]). Hence o extends to an 
i?-bilinear pairing 

Cor(X, Y) x Cor(y, Z) ->• Cor(X, Z), {a, /3) H- /3 o a, 

which is associative and with the diagonal A C Y x Y acting from the right 
(resp. left) as identity on Cor(X, Y) (resp. Cor(Y, X)). 
(2) We define the category Reg^ Cor to be the category with objects the ob- 
jects of Reg^ 1 and morphisms given by correspondences. We denote by 
ptCor the full subcategory with objects the finite disjoint unions of S- 
points. 

Notice that Reg^ 1 Cor is an R- linear additive category and that the graph- 
construction gives in the usual way a faithful and essentially surjectivc functor 
Reg^ 1 -> Rcg^Cor . 

1.1.4. Lemma. (1) Let X and Y be in Reg^ 1 and let V be an integral scheme 

with a map tt : V — > X x Y such that V is finite and surjective over X . Let 
V be the normalization of V and qv ■ V — > X and py ■ V — > Y be induced 
by the projection maps. Then V S Rcg^ 1 and 

7r»[V] = [r pv ]o[r* v ]eCor(X,Y). 

(2) Let f : X —tY be a finite and surjective map in RegCon^ 1 . Then 

[r f ] o [t}} = dc g (x/y) • [Ay], 

with Ay C Y x Y the diagonal. 

(3) For any cartesian square 



Y' ^Y 



X' 




where Y, X, X' are in RegCon^ 1 , g : X' -> X is a morphism and f : Y — > X 
is a finite flat morphism, we have 

F/] ° \ V b\ = E W?r',nr) ■ [T flr ] o \T%] in Cov(X', Y), 
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where the sum is taken over the irreducible components T of Y' , and for 
such an irreducible component gx '■ T — > Y and fx ■ T — > X' are the 
canonical morphisms from the normalization T of T . 

Proof. (1) follows from Y l qv XyT pv ^ V, (2) from T*. x x Tf = A x and (3) follows 
from T g Xx = X' XxY = Y', the definition of the composition and (1). □ 

1.1.5. Lemma. Let X,Y,Z be in Rcg^ 1 and [V] G Cot{X,Y), [W] £ Cor(Y, Z) be 
elementary correspondences. Let T be an irreducible component ofVxy W. Then 

Wxvw.r,,.) =£lg(^ x ^ c )deg(<7/T). (1.2) 

C/T 

where the sum is taken over the irreducible components C ofVxyW that dominate 
T. 

Proof. Using Lemma H. 1.41 (1) and (3), we obtain: 
[W]o[V] = [T Pw ]o[T\ w ]o[T pv ]o[T\ v ] 

= Fvw] ° ( E Wvxvw.nc) ■ Fp'J ° K'J I 

\CQVx Y W I 

= E Wx^cHrpcMrg, 

CCVXyW 

where the sum is taken over the irreducible components C of V Xy W, the maps 

are the canonical ones and pc — Pw p'c an d 1c = <7v ° 9c ■ Since V W is 
finite and surjective over V Xy VF, any irreducible component C of V Xy W maps 
surjectively onto an irreducible component T of V XyW and the induced morphism 
tc : C T is finite surjective and hence is flat. Further, denoting by px ■ T — x Z 
and qx : T — > X the canonical maps we have px ° i~c = Pc and qx ° t~c = qc- 
Therefore we obtain from Lemma Tl. 1.41 (2) and (1) 

[W] o [V] = E ( E l s(&vx Y w, Vc ) degivcM ■ Pxz*[T] 

TCVxyW \C/T J 

where the second sum is taken over the irreducible components C of V Xy W 
that dominate T. Comparing this with the formula given in Definition 1 1 . 1 . 31 yields 
(TO) . □ 

1.2. Presheaves with transfers. 

1.2.1. Definition. A presheaf with transfers on Reg^ 1 is an i?-linear contravariant 
functor 

Jt : Rcg^Cor 015 ->(R- mod). 

We denote by PT the category of presheaves with transfers on Reg 5 * 1 with mor- 
phisms the natural transformations. Further we denote by NT the full subcategory 
with objects the Nisnevich sheaves with transfers on Rcg^ 1 , i.e. those presheaves 
with transfers on Reg^ 1 whose underlying presheaf on Reg^ 1 is a sheaf in the 
Nisnevich topology. 

1.2.2. Lemma. A presheaf with transfers on Rcg^ 1 is equivalent to the following 
data 

• a functor : RegCon^ 1 -> (R - Mod); 
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• a functor J(* : RegCon^ lOP -> (R- Mod); 

which satisfies the following conditions (where we write /* := ,/#*(/) and f* := 
./#*(/) /or a map f in RcgCon^ 1 and RcgCon^ 1 , respectively) 

(1) Jl*{X) = J(*(X) for any X G RcgCon°; 

= deg(Y/X) ■ id^^x) for any finite flat morphism g : Y — > X between 
connected schemes in Reg^ 1 ; 
(3) for any cartesian square 




where Y, X, X' are in RegCon 5 * 1 , g : X' -> X is a morphism and f : Y —> X 
is a finite flat morphism, we have 



9* ° /* = ^2 \%{0y',t, t ) ■ /t* ° 9t, 



where the sum is taken over the irreducible components T of Y' , and for 
such an irreducible component gx '■ T — > Y and fx ■ T — > X' are the 
canonical morphisms. 

Proof. That a presheaf with transfers on RegCon^ 1 defines such data is an imme- 
diate consequence of Lemma 11.1.41 Conversely let and be such a data 
satisfying (l)-(3). Set Jt{X) := Jt+{X) = JZ*{X) for any X G RegCon^ 1 and 
^f(X) := ®i-J%{Xi) for X G Reg^ 1 with connected components Xj. For an ele- 
mentary correspondence [V] G Gov{X 1 Y) we define a morphism 

Jt{\V\) := qv*p* v : Jt{Y) .4t{X), 

where qy : V — > X and pv '■ V — > K are the canonical maps from the normalization 
K of V. We extend this linearly to a map Cor(X,F) -> Hom fl (.#(T), M{X)). It 
remains to prove that this construction is functorial, i.e. for a G Cor(X, Y) and 
/3 G Cor(y, Z) we have to show o a) = Ji{ct) o «/# (/?). We may assume that 

a = [V] and j3 = [W] are elementary correspondences. Using the same notation as 
in the proof of Lemma Tl. 1.51 we get: 

(a) o (£) = qv*P v <lw*Pwi b y defn 

= <?v* 2 Wvx Y w, va ) ■ Qc*Pc \Pw, by (3) 

\CCVx Y W j 
CCVxyW 

= [^H^VxyW^^Vc/Vt) \-qT*P T , by (2) 

TCVxyW \C/T J 

= X! l S(^Vx Y W,r, T ) ■ Qt*P t , bv ll.1.51 
TCVxyW 

= -#(/3 o a), by defn. 
Hence the statement. □ 
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1.3. Mackey functors with specialization map. 

1.3.1. Definition. An R-Mackey functor (or just Mackey functor) is an i?-linear 
contravariant functor 

M : ptCor op ->• (R - mod). 

We denote by MFjj = MF the category of Mackey functors with morphisms the 
natural transformations. 

1.3.2. Notation. Let .J{ be a presheaf with transfers on Reg 5 * 1 (or a Mackey functor). 
Let / : X — > Y be a flat map in Reg^ 1 (equivalently each connected component of 
X dominates a connected component of Y), then we define the pullback attached 
to / as 

/* := JZ{[Tf]) : Jt(Y) -> J({X). 

Let / : X — >• Y be finite and flat (i.e. each connected component of X maps finite 
and surjective to a connected component of Y), then we define the pushforward or 
trace attached to / as 

/. = Tr f = Tr x/Y := JK{[T)]) : Ji(X) -> JZ(Y). 

Let i : P <-}■ U be the inclusion of a closed point P in a 1- dimensional scheme in 
Reg^ 1 , then we define the specialization map attached to i as 

s P := i* := : JH(U) -> M{P). 

Let C G {^/S) be a curve, then we denote by the presheaf on the Zariski site 
of C induced by j$ . For x G C a point we denote by ~4tc,x the Zariski stalk of 
at x and by ~^q x the Nisnevich stalk, i.e. the inductive limit of .-#(£/) over 
all Nisnevich neighborhoods U of x G C. Notice that Mc,t] C = -^c ■no 1 ^ so n °ti ce 
that for C G and P E C the specialization map also induces maps (which 

by abuse of notation we still denote by sp) 

sp : ^c,p 

1.3.3. Remark. It follows from the proof of Lemma \l . 2 . 21 that a Mackey functor is 
the same as giving two functors 

M* : (pt/S)° -> (R - mod), M* : (pt/S)* -> (R - mod), 

which satisfy the following two relations: 

(MFO) For all x G (pt/S) we have M*(a;) = M*(x) =: M(x). 

(MF1) Let if : y — > x be a finite morphism of S'-points and ip : z — > x any morphism 
of S'-points. For s G yXj-z denote by tps : s y and ip s : s — > z the natural 
maps induced by the projections and set l s := length(^ > J/Xa .z,s)' Then 

M'WoM t ( V )= J2 !»-M,WoM*W:Mfe)4l(z). 

(MF2) Let y> : y — > x be a finite morphism of S-points, then M*(ip) o M*(<p) is 
multiplication with deg(y/x). 

1.3.4. Remark. Notice that there are also different definitions of Mackey functors 
in the literature (e.g. functoriality is only required for separable field extensions or 
(MF2) is not required to hold). 

1.3.5. Definition. An R-Mackey functor with specialization map is a Nisnevich 
sheaf with transfers on Reg^ 1 , which additionally satisfies the following two condi- 
tions: 
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(Inj) For all open immersions j : U X between connected schemes in Reg^ 1 
the restriction map 

j* : Jt{X) JC{U) 

is injective. 

(F.P.) For all C G '/ ' S) with generic point r\ the natural map 

lim ^r(fj) A ^(77) 

is an isomorphism, where the limit is over all integral U G Reg^ 1 of dimen- 
sion 1 and with generic point rj. 

We denote by MFsp fl = MFsp the full subcategory of NT with objects the Mackey 
functors with specialization map. 

The name "Mackey functor with specialization map" is justified by the following 
proposition. 

1.3.6. Proposition. A Mackey functor with specialization map is the same as giving 
a triple {M,j%,s), where 

(1) M is a Mackey junctor, 

(2) ^ is a collection of Zariski sheaves of R-modules on C ', C G ( < to/S), 
together with a collection of pullback morphisms n* : tt*^-d for each 
morphism n : D — >• C in / S) and a collection of pushforward morphisms 
7r» : 7tv/#d — ► ./#<7; f or each finite morphism ix : D — > C in C&/S), which 
both are functorial. 

(3) s is a collection of R-linear homomorphisms sp : y^c.P ~> M(P) for C G 
(if / ' S) and P G C (where ^c.p denotes the Zariski stalk). 

These data satisfy the following conditions: 

(RSO) For all C G /S) the functor on the small Nisnevich site Cms, which 
sends an etale C -scheme U to ®i^d{Ui), where the Ui 's are the connected 
components of U with projective regular model Ci, and which on morphisms 
is defined using the pullbacks from (2), is a sheaf. 

(RSI) For any C G /S) with generic point r]c, the Zariski- sheaf is a sub- 
sheaf of the constant sheaf M(j]c), inducing an isomorphism at the generic 
stalk ^c,nc ~ M(r)c), which is compatible with the pullback and pushfor- 
ward morphisms of \M and M . 

(RS2) For any 1- dimensional and integral U G Reg^ 1 with projective model G G 
(ff / S) and any map tp : U —> x to an S-point x, the pullback if* : M(x) — > 
M(r)c) has its image contained in ^c{U). 

(51) For any morphism n : D — >• C in i^S '/ S), Q G D, P := n(Q) and a G ^c.p 

7ig(sp(a)) = sq{-k*o) in M(Q), 

where ttq : Q — > P denotes the map induced by tt. 

(52) For any finite morphism n : D — > C in ( c (g /S), any P G C and a G 

7T«(^d)p 

s P (n*{a)) = J2 <Q/P)-*Q*(sQ(a)) in M{P), 

where ttq : Q —> P is the finite morphism induced by ir and sq on the 

right-hand side is the composition tt*(^d)p ^d.q Miff). 

(53) For any C G jS) and any closed point PeC and a G M(xc) 

sp(p*c( a )) = Pc( a ), 
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where pc '■ P —> %c is induced by pc- Notice that this makes sense because 
of (RS2). 

Proof. It follows from Lemma [1.1 .41 Notation ll.3.2l and Remark ll.3.3l that a Mackey 
functor with specialization map determines a triple as in the proposition. Con- 
versely given such a triple (M, ^#,s) we can construct a Mackey functor with 
specialization ^ map as follows: For an S-point x set ^(x) := M(x) and for 
U G Rcg^ 1 integral and 1-dimensional set -#([/) := ^c(U), where C G (if '/ ' S) is 
the unique curve which contains U G C as an open subset. We extend this addi- 
tively to all objects in Reg 5 * 1 . If [Z] G Cor(X, Y) is an elementary correspondence 
between integral schemes in Rcg^ 1 and Z is the normalization of Z and qz ■ Z — > X 
and pz '■ Z — > Y are the natural maps induced by the projections, then we define 

J([Z\) 



qz* °P*zi ^ Pz(Z) contains the generic point of Y, 

qz* ° f* ° sp, if pz factors as Z P with {P} C. Y closed, 



where the pullback and pushforward on the right hand side are induced by the 
Mackey functor structure and the structure underlying respectively; e.g. if Z 
is 1-dimensional with projective model C the map if* : M(P) — > ^c(Z) above is 
the map induced by cp* : M(P) — > M(r\^) via (RS2). It is straightforward to check 
that this defines a Mackey functor with specialization map (cf. the proof of Lemma 

ura . □ 



The main reason we work with the Nisnevich topology is the following Lemma 
due to V. Voevodsky. 

1.3.7. Lemma. Let jK be a presheaf with transfers on Reg 5 * 1 and denote by 
the associated sheaf of R-modules in the Nisnevich topology on Reg 5 * 1 . Then 
uniquely extends to a Nisnevich sheaf with transfers on Reg 5 * 1 and the canonical 
map jtft — > ^Nis is a morphism of presheaves with transfer. Moreover the under- 
lying Mackey functors of ./# and ^fms ar e equal and if ^ satisfies the conditions 
(Inj.) and (F.P.) from Definition \ 1.3.51 then ^#Nis is a Mackey functor with spe- 
cialization map. 

Proof. The first two statements are exactly [351 Lemma 3.1.6] (there it is proven for 
presheaves with transfers on 5mCor but the proof goes through in our situation). 
That the underlying Mackey functors of ,/# and . are equal follows from the 
fact that a Nisnevich covering of a point always admits the identity as a refinement. 
If j$ satisfies (F.P.), then the natural map lim ^,. -dtm&^U) — > -^Nis (v) = (v) 

is surjective, where the limit is over all integral U G Reg 5 * 1 of dimension 1 with 
generic point rj. Hence it suffices to show that if ^# additionally satisfies (Inj), 
then ^Nis(U) — > .J?Nis(n), f° r U as above, is injective. For this take a G ^£^is(U), 
which maps to zero in ^ms(v) an( i denote by a : ./# — > ^#Nis the canonical map. 
Then we find a Nisnevich cover ir : V — > U and an element b G such that 

7r*a = o~(b) and 7r*(a) maps to zero in ^M(r\) (Bi ^(rji), where rji are the generic 
points ^ rj of V. Therefore by (Inj.) and (P. F.) 6=0, hence also ir*a = and 
thus a = 0. This yields the statement. □ 



1.4. The modulus condition. 



1.4.1. Definition. Let ^# be a Mackey functor with specialization, C G (ff/S), 
a G ./# (ilc) and let m = J2pec np P ^ e an effective divisor on C. Then we say that 
m is a modulus for a if and only if the following condition is satisfied: 
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(MC) a £ j%{C \ |m|) (this makes sense by (F.P.)) and for / e Q m (r)c) with 
/ = 1 mod m we have 

Y v p(f) Tr P/x c sp(a) = 0, 
PeC\|m| 

where xc is defined in (|1 . 1|) . (Here we allow m = 0, in which case / = 1 mod m is 
an empty condition.) Clearly the set of all a £ ^(rf), which have m as a modulus 
define an i?-submodulc, denoted by 

^#(C, m) = {a £ ^(rf) m is a modulus for a}. 

We want to give a reformulation of the modulus condition in terms of correspon- 
dences. 

1.4.2. Definition. For two pairs (C, m) and (D,n) with C,D £ (ftf/S) curves and 
m and n effective divisors on them, define 

Cor((C, m), (D, n)) C Cor(C* \ |m|, D \ |n| ) 

to be the free i?-modulc generated by symbols [V], where V C (C \ |m|) X (D \ |n|) 
is an integral closed subscheme which is finite and surjective over C\ |m|, such that 
v*(m x D) ( i/*(C x n) with v:V—tVcCxD the normalization of the closure 
of V. 

1.4.3. Lemma. Let C £ (f€ j$) be a curve, m an effective divisor on it and ^ a 
Mackey functor with specialization map. Then an element a £ ^(rjc) has modulus 
m if and only if a £ .<#(C \ |m|) and for all 7 £ Cor((C, m), (P* c , {1})) whose 
components are finite and surjective also over P^, c \ {1} we have 

? ^( 7 t )(«) = C^(7 t )(a), (1-3) 
where i e : {e} P 1 , e £ {0, 00}, are the closed immersions. 

Proof. We can assume that m is not the zero divisor, since else no 7 as above exists 
and the statement reduces to a £ ^(rjc) has modulus iff a £ ^(C), which we 
knew already. 

Clearly (|1.3|) implies (MC): Indeed for / £ G m (r]c) with / = 1 mod m, take 
[r] £ Cor(C,P 1 ) to be the graph of the map C -> P 1 determined by /. Then [r] 
restricts to an element 7 in Cor((C, m), (Pj. c ,{l})) and in this case (|1.3|) is just a 
reformulation of (MC) (use (S2)). 

Now assume that a has modulus m and let 7 = [V] £ Cor((C, m), (P^ c , {1})) be 
an elementary correspondence, which is finite and surjective over P* \ {1}. Denote 
by V the normalization of the closure of V in C x P* and let ire '■ V — > C and 
7Tpi : V — > P* be the natural maps induced by projection. Using Lemma 11.1.41 
formulas (SI), (S2) and the notations introduced in 11.3.21 we obtain 

*o-^ r (7*)(a) -C^(7*)(a) = e (<3/°) ' ^c,Q^v\ Q { s ^c{Q)i a )) 

- ]T e(Q/oo) ■ 7r c,Q*7i'pi,Q(s 7rc (Q)(a)), 

where ttc.q '■ Q ^c(Q) & n d 7i"pi,Q : Q — > 7Tpi(Q) are the natural maps. Now 
by (MF2) we have ttc,q*^ 1q = f(Q/P) ■ Tr P/xa , with P = tt c (Q); further let 
/ £ G rn (rjy) be the function corresponding to 7Tpi, then / = 1 mod 7r*m (by 
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definition of Cor for pairs) and e(Q/Q) = vq(/), e(Q/oo) = — Vg(f). Thus 
i* J(tf)(a)-i* oo ^( 1 t )(a) = E ( E f(Q/P)v Q (f)) -s P (a) 

PeC\\m\ V Q G7 r- 1 (P) ' 
= E V P( Nm Vv/vc(f)) ■ s P( a )- 

Pec\\m\ 

But this last sum is zero since a has modulus m and Nm v ~ / vc (f) = 1 mod m by 
the following Lemma; hence the statement. □ 

1.4.4. Lemma. Let L/K be a finite field extension and v a discrete valuation on 
K with valuation ring A. Assume that the normalization B of A in K is a finite 
A-module and let w\, . . . ,w r be all the extensions of v to L. Let K s C L be the 
separable closure of K in L and Wi tS := Wi\x s , i = 1, . . . , r. Then for all m ^ 1 

and Hj ^ m e ( w i,s/v) have 

Nm L/K (u^n...nu^)cui m \ 

Proof. It suffices to consider separately the two cases in which L/K is either purely 
inseparable or separable. In the purely inseparable case we have Nm L /^(.g) = g^ L:K ^ 
and [L : K] = e(w/v)f(w/v). Thus for g = 1 + r n a with a £ ff w , n ^ jnjhv) an d t 
a local parameter at w we have Nm^/xt?) = 1 + t m b for some b € A and t a local 

parameter at v. In the separable case take g £ l~l . . . (~l U^/ T T \ ni ^ me(wi / v) , 

and choose an element r £ B which is a local parameter at W\ , . . . , w r . Then there 
exist ai £ & Wi such that g = 1 + T ni ai. We can rewrite this as g = 1 + t m a! i with 
a'l £ & Wi - It follows that the a[ are all equal to an element, say, a' E B. Thus 

Nm i/K (g)= [] (l+f ff (o'))6PW. 

a£Hom K (L,K) 

Hence the statement. □ 

Recall that for a curve C £ (/^ / S) and m an effective divisor on it one denotes 
by CH^Cm) the group of divisors on C\ |m| modulo the group generated by div/, 
where / £ G m (r]) is a function with / = 1 mod m. 

1.4.5. Proposition. Let ^ be a Mackey functor with specialization map, C £ 
Crf / S) and m an effective divisor on C . 

(1) There is a biadditive pairing 

CH l (C,m) x jf(C,m) -> JC{x c \ (7, a) i-> a ( 7 ), 
where for a divisor class 7 = X]pec\|m n p[P\ we define 

a (7) : = E np ' Tr P/x c s p( a )- 

P£C\\m\ 

(2) If m^n on C, then „#(C,m) C JZ{C,n). 

(3) Let 7r : D — > C be a finite morphism in ('to/S) and m and n effective 
divisors on C and D, respectively, with 7r*m ^ n. Then the pushforward 
7r» : ^(rjjj) — ;> ./#(?7c) restricts to 

7r» : J((L), n) — > JK(C, m). 

(^J Let 7r : D — > C be a morphism in / S) such that the induced map xd — > 
xc is an isomorphism and let m and n be effective divisors on C and D, 



16 



FLORIAN IVORRA AND KAY RULLING 



respectively, with n ^ n*m/[D : C]i nscp . Then tt is finite and the pullback 
it* : ^(rjc) — > ^(r/rj) restricts to 

it* : J?(C,m) -> M(D,xC). 

Proof. (1) follows from the definition of ^#(C, m) and (2) is easy. For (3) take 
b G ^K(D, n) and / G < G m (vc) with / = 1 mod m. Then it* f is congruent to 1 
modulo 7r*m a fortiori modulo n and thus (3) follows from 

/x c ( v Q( 7T *f) TT Q/x D ( s Q( b ))) 

= v P (f)Tr P/x J ]T e(Q/P)Tr Q/P ( SQ (b)) 

= v P (f)Tr P/xo (s P (n*b)), (1.4) 

where the last equality holds by (S2). Finally, for (4) take a G ^#(C, m) and 
g G G m (rjrj) with g = 1 mod n. Then 7r»(<7) = 1 mod m (by Lemma H.4.4p and (4) 
follows from 

E v Q(9)TrQ/ XD s Q (n*a) = ^ f(Q/P)v Q (g)Tr P/xo (s P {a)) 

= v P (Tr*g)Ti P / xc (s P (a)), (1.5) 

where the first equality holds by (SI) and (MF2) and the second equality follows 
from div(iT*g) = ^div^). □ 

Associated symbols. 

1.4.6. Lemma. Let C be a regular affine connected curve over a field, Pi, . . . ,P r G 
C distinct closed points, m, . . . , n r G N natural numbers and fi, ■ ■ ■ , f r G k(C) x 
non-zero functions. Then there exists a function f G k{C) x such that f j fi G U p n% ^ 
for all i G {1, . . . , r} and f G &c,P for all P {Pi, . . . , P r }. 

Proof. By the Approximation Lemma we find / G k(C) x with v Pi (fi — /) ^ 
v Pi (fi) + ni and v p (f) ^ if P =/= Pi. Since Hi ^ 1 we in particular get 
v Pi (/) = v p{fi) and tnu s vPi (fi/ f - 1) > n». □ 

1.4.7. Proposition (cf. [3T[ III, §1, Prop. 1]). Lei M* : (pt/S% (R-mod) be a 
functor and let C G (ff / S) be fixed. Assume for all P G C we are given submodules 
M P (n) C Af(77) and R-linear maps s P : M P (n) — > M(P). For A C C we se£ 
Ma(?j) := rip ey iMp(r7) and for ip : x — >■ y in (pt/S% we sei Tr^/^ := M*(y). TTien 
/or any a G M(rf) the following two statements are equivalent: 

(1) There exists a family of continuous group homomorphisms {p p : G m (rj) — > 
M(xc)}pgc & n d a non-empty open subset V C C such that 

(a) a G M v (n). 

(b) p P {f) = v P (f)Tr P/xc (s P (aj) for all f G G m (rj) and P G V. 

(c) Ep £ c Pp(f) — f or a ^ f e G m (rf). 

(2) There exists an effective divisor m = X^Qec u qQ 071 ^ suc ^ that a G 
Mcwmliv) an d for all f G G m (i]) with f = 1 mod m, we have 

E w P(/) Tr P/xc( s P( a )) = °- 
PeC\\m\ 

Furthermore the family {pp}pec is uniquely determined. 

Proof. The proof is along the lines of the proof of [2H III, §1, Prop. 1]. Let us 
first see that if a family {pp}pec a s in (1) exists, then it is unique. Indeed for 
P G V nothing is to show. Thus assume P ^ C. The continuity of the p's implies, 
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that for all Q £ C we have Pq(Uq ) = 0, for some large enough natural numbers 
tiq. Given / £ & m (v) use Lemma 11.4.61 to find a function fp £ G m (r)) such that 
f/fp £ U p np) and / P £ U [ q q) for all Q £ C \ (V U {P}). Then by (b) and (c) 

Pp(f)= E Pq(Jp) = v Q(fp) Tv Q/xc( s Q( a ))> 
Qec\v Qev 

which yields uniqueness. 

For (1) (2) choose uq ^ 1 as above and set m = J2q<£C\v h qQ- Then (b) 
and (c) of (1) immediately imply the equality in (2). 

Next (2) => (1). Write m = J2i n i p i with n * ^ 1 and sct V := C \ |m|. For 
P £ C and / £ G m (rf) we define pp as follows 

pp[f) (vp(f)Tr P/xc (sp(a)), ifPeV 

(-EQev"Q(/i) Tr Q/x c (sQ(«)), if P = Pi,i 6 {1, •••?"}, 

where is chosen so that /j £ [/p™ 3 for j ^ i and ///j £ JTp 1 *'. This definition 
does not depend on the choices of the /,'s. Indeed if we choose different functions 
Qi with the same property, then gi/fi = 1 mod m for all i and (2) yields 

- E v Q(fi) Tr Q/^o( s Q( a )) = ~ E v Q(9*) TT Q/x c ( s Q( a ))- 
Qev Qev 

Clearly the function pp : G m (j]) — > M(xc) thus defined is a group homomorphism, 

which satisfies p P {ff* p ) = 0, if P G V, and p P (U p r ' z} ) = 0, if P = P h therefore it 

is also continuous. It remains to check condition (c). For this take / £ G m {rj) and 

choose /i's as above. Sct h := \\ i fi. Then f/h = 1 mod m and we obtain 

,PPi(f) = v qUi)^Q/xc{ s q{o)) by definition 



« % Qev 



= - E v Q( h ) Tl 'P/zc( s Q( a )) 
Qev 

= -E^(/) Tr ^c(^(«)) by (2) 

Qev 

= - ^ PQ(f) by definition. 

Qev 

Hence (c). □ 
The modulus condition is local in the Nisnevich topology. 

1.4.8. Theorem. Let ^ £ MFsp be a Mackey functor with specialization map. 
Let C £ (%f / S) be a curve, U C C a non-empty open subset and a £ .y^(U) a 
section. Assume there exists an etale cover tt : JJ i Vi — > U satisfying the following 
properties: 

(1) The V[s are connected. We denote by iti : Di — > C in ' j S) the compacti- 
fication of it\y i :Vi^U. 

(2) There exists an io such that ^\v i() '■ Vi Q ^ U is an open immersion. 

(3) For all i there exists an effective divisors rij on Di such that \xii\ — Di \ Vi 
and TT*a £ ^{D,xii). 

Then there exists an effective divisor m on C such that |m| = C \ U and a £ 
„#(C,m). 

Ln particular the property for a having a modulus m with |m| = C \ U is local in 
the Nisnevich topology on U . 

Before we start with the proof of the theorem we need some preparations. 
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I. 4.9. Lemma. Let G MFsp be a Mackey functor with specialization map. Let 
C G / S) be a curve, U C C a non-empty open subset and a G ^(U) a section. 
Assume there exist a Zariski open covering U = UjC/j and effective divisors mi on 
C with \vdi\ = C\Ui and a G ^#(C, trij), for all i. Then there exists an effective 
divisor rtx on C with |nx| = C \ U and a G ~#(C, m). 

Proof. It suffices to consider finite coverings and by induction over the number 
of U-s it suffices to consider coverings by two open subsets U = U\ U C/ 2 . By 
Proposition 11.4.51 (2) we can further assume that 

mi= n t p ]' m2= E n t p ]' 

Pec\U! Pec\u 2 

for some large enough positive integer n. Set 

m := min{mi, m2}. 

Then |m| = |mi| n |m 2 | = (C \ U{) n (C \ U 2 ) = C \ U and we claim 

aelfCm). (1.6) 

For this set TIX12 := maxjmi, 1112}. Then C\ |mi2 1 = E/i nE/2 and 11X1,2 ^ nXj, i = 1,2. 
Hence 

a G .^(C7,nxi), J({C, m 2 ), .#(C,nxi 2 ). (1.7) 

Therefore the pairs (a,mi), (a,m2), (0,11x12) satisfy condition (2) of Proposition 

II. 4.71 (with M* := ^j( p t/s) an d Mp(r]c) = ^c,p)- Thus we get families of contin- 
uous group homomorphisms {/9p, m » : ( G I „(?7c) — > ^#(ic)} satisfying the properties 
(a)-(c) from Proposition [TX71 (1) (with V = C \ |txx*|), for * G {1,2,12}. But the 
uniqueness statement of this proposition yields 

PP,mi = PP.m 12 = PP,m 2 ='■ ?P- (1-8) 

Now fix / G <& m {r)c) with / = 1 mod m. Take N ^ n with pp{U p N ^) = for all 
P G mi2 (exists by continuity) and choose h G & m (vc) so that 

j G C/^ for all P 6 |m| and ft e C/W f or all P 6 |mia 1 \ |txx| . 

Then 

(1) h = l mod m*, for all * G {1, 2, 12}. 

(2) Ep e |m.| PpW = 0, for all * G {1, 2, 12}. 

(3) pp(h) = p P (f) for all PG |m|. 

(4) p P (f) = vp(f)Tr P/xc ( Sp (a)), for all PeU. 

Here (1) holds by definition, (2) follows from (|1.7|) . (|1.8|) and reciprocity, (3) from 
the choice of N and h and (4) from (| 1 . 8[) and U = U\ U /7 2 . Hence 

= ppfr) - E pp( h ) - E pp( h )> b y ( 2 ) 

P£mi2 Pemi PEm 2 

= - E ppfr) = - E M/)> b y ( 3 ) 

PGrn Pern 



E PP(f)> by reciprocity 

Pet; 

^ Vp (/)Tr P/lc ( S p( fl )), by (4). 



Peu 

This proves the Claim (|1 .6(1 and hence the lemma. □ 
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1.4.10. Notation. For C € & / S) with function field K = k(C) and m an effective 
divisor on C we denote 

K m ,i := {f eK x \f = l mod m}. 

Notice that if m .i C K x is a subgroup and that K m >,i C K m .i for all effective 
divisors m ^ m' and A{o},i = K x . 

1.4.11. Lemma. Let K be the function field of a curve C S (ff/S), m an effective 
divisor on C and P S C \ |m| a closed point. Then for all n ^ 1 the composition of 
the natural maps K m .i K x -» K x JUp^ induces an isomorphism of groups 

K m ,! ^ K x 

K m +n[P],l Up^ ' 

Proof. Clearly the natural map K m — > K x /Up factors to give the map r : 
Km.i/ Km+n[p],i K x /Up from the statement. Now for a G K x /Up take 
a lift a e K x and choose dp E K x with dp /a 6 and dp € L/g"^ for 

all Q e |m|, where m = 5Zg eC to q[Q]- Then dp e K m ,i and we set a {a) := 
class of dp in if m ,i/^m+n[p],i- It is straightforward to check that o~(a) is indepen- 
dent of all the choices and that we obtain a group homomorphism a : K x /U^ — !> 
Km.i/ Km+n[p],ii which is inverse to r. Hence the lemma. □ 



1.4.12. Lemma. Let tt : D — > C be a finite flat morphism in { c £ / S). Let m be an 
effective divisor on C and P £ C \ \m\ a closed point and denote by L = k(D) and 
K = k(C) the function fields. Assume there exists a closed point Q £ tt~ 1 (P) such 
that 7r is Stale in a neighborhood of Q (in particular L/K is separable). Then for 
all n ^ 1 the norm map Nm : L x K x induces a surjective group homomorphism 



Nm 



[Q],i 



K, 



m+ra[P],l 



Proof. Denote by L and K the completions of L and K with respect to vq and vp, 
respectively. Denote by Uq^ and t/p™' the corresponding groups of higher 1-units. 
Then L is separable over K as well as k(Q) over k(P) and vq is unramified over 
Vp. Thus the norm map Nm : L — > K is surjective and induces by Lemma 11.4.41 a 
surjective group homomorphism 



Nm 



U 



(n) 



(n) 



Q W P 

Furthermore, Nm : L x K x induces by Lemma Tl. 4. 41 a map 

Nm : L v , m ,i -> A' m .i- 
Since the diagram with horizontal maps the natural inclusions 



L x 

Nm 
K X 



V 



K 
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commutes, Lemma 11.4.111 gives the following commutative diagram 

r i,»m.l - L x 



Nm 



m.l 



>m + n[Q],l 



K„ 



A'r 



Nm 



A" 



This yields the statement. 



□ 



Proof of Theorem | By Lemma 11.4.91 we are reduced to prove the following: 
Assume there exists a finite flat map tt : D —> C in (ff/S) and effective divisors m' 
and n on C and D, respectively such that 

• U' := C \ |m'| is strictly contained in U. 

• tt restricted to V := D \ |n| is etale over U. 

• U = U'Un(V). 

• a e „#(C, m') and 7r*a G ^(D,n). 

Then we have to show, that there exists an effective divisor m on C such that 
U = C \ |m| and a 6 ^#(C, m). We distinguish two cases: 

First case: U \U' = {Po}- By Lemma H.4.91 and Proposition 11.4.51 (2) we can 
make U smaller around Po and m' and n bigger. Thus we can assume 

(1) V = 7r _1 (U 1 ) U {Qo}, where Qo £ tt' 1 (Po) and tt is etale in a neighborhood 
of Qo- 

(2) m' = m + n[Po], with tn an effective divisor on C with Po | tn | , i.e. 
|m| =C\U. 

(3) 7r*m' ^ n. 

Since |n| = D\V = 7r- 1 (C\C/')\{ ( 9o} = TT-iflm'DUQo} and since the multiplicity 
of Qo in 7r*m' is ?i (Qo being unramified over Po) we have 7r*m' — rt[Qo] ^ n and 
thus we can in fact assume 



(4) n = 7r*m' 
We claim 



»[0o]- 



a e J£(C, m). 



(1.9) 



For this take / € ^mivc) with / = 1 mod m. Now by Lemma [1.4.111 we have 
canonical isomorphisms (notice that Qo £ |tl|, |7r*m| ) 



7r * xn 1 — n 



[Qo],i 



7t * m , 1 



7r*m',l 



'n+n[Q ],l [7 



(n) 
Qo 



m+Tt[Q ],l 



Hence by Lemma 11.4.121 the norm map induces a surjection 



in,l 



Thus there exists a g £ 
mod m' such that 



-fMn+n[P ],l -fMtv',1 

(vd) with ,(?=1 mod n and /i £ G m (rjc) with = 1 
7T*g = fh mG m (rjc)- 
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We get 

E v p(f) TT P/x c ( s p( a )) = E v p(f) Tr P/xc( s p( a )) + E vp(h)Tr P/xc (s P (a)) 
Peu Peu Peu' 

(1.10) 

= J2Mfh)Tr P/xo (s P (a)) (1.11) 
Peu 

= E v P( 7T *9) TT P/xc( s P( a )) 
Peu 

= E E [Q:^Q(.9)Trp /;cc ( S p(a)) (1.12) 
Peu Qe^(P) 

= E u Q(5) Tr Q/^ c ( s Q( 7r * a )) ( L13 ) 

QEtt-^U) 

= E w Q(5) Tr Q/x c ( s Q( 7r * a )) ( L14 ) 
Qev 

= 0, (1.15) 

where ([LTU|) holds since a G ./#(C,m'), (fLTTj) by up (/i) = 0, (fl~T2"j) by div(7r*#) = 
^*div( 5 ), (HUD by (MF2), (SI), CH since v Q (g) = for Q G tt" 1 ^) \ {Qo} 
and (|1.15[) holds since 7r*a G ■/#(£>, n). This proves the claim (|1.9p and hence the 
first case. 

Second case: U \ U' = {Pi, ■ ■ ■ , -P r } /or some r 1. This is the general case. 
Set E7i := U' U {Pi}, Vi := tt" 1 ^), m := n + Eq 6 v\Vi[Q]- Thcn l n il =C\^i 
and 7r*a G ^(D,xii) (since ni ^ n), tt restricted to V\ is etale, U\\U' = {P\} and 
Ui = U' U 7r(Vi). Thus we can apply the first case to get an effective divisor mi 
on C with |mi| = C\ U± and a G ~#(C, mi). Therefore we can replace (C/',m') by 
(Ui, mi) and since U\U\ = {P2, . . . ,P r } we conclude by induction. □ 

1.5. Reciprocity functors. 

1.5.1. Definition. An R-reciprocity functor (or just reciprocity functor) is an R- 
Mackcy functor with specialization map ^# such that for any C G (ff/S), any 
non-empty open subset U C C and any section a G ^C(U) there exists an effective 
divisor m on C which has support equal to C \ U and is a modulus for a, i.e. for 
all ^ U C C we have 

Jt{U) = (J /(Cm), (1.16) 

|m|=C\E7 

where the union is over all effective divisors on C with support equal to C \ U . (In 
particular we have jf({G) = j#t{C, 0) and M(j]c) = U m m )' wncrc the union 

is over all effective divisors on C.) 

We denote by RFp = RF the full subcategory of MFsp whose objects are 
reciprocity functors. 

1.5.2. Remark. Let ^# be a Mackey functor with specialization map. By Theorem 
11.4.81 the condition p,16[) is satisfied for all C G i^ojS) and all non-empty open 
subsets U C C if and only if for all C G / S) and all points x G C (closed or not) 
we have 

J(c, x = Inn JK{D,n), (1.17) 

(D,n) 

where the limit is over all pairs (D, n) with D — >• C finite flat in (ff/S) and n is an 
effective divisor on D such that D \ |n| is a Nisnevich neighborhood of x (i.e. it is 
etale over C and there is a point y G Z) \ |n|, which maps isomorphically to x). 
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1.5.3. Corollary-Definition. Let ./# be a reciprocity functor. Then for any C G 
( ( ia/S) and P G C there exists a biadditive pairing 

(-,-)p : J((j)c) x G m (r/ C ) -> J({xc), 
which is R-linear in the first argument and has the following properties: 

(1) (— , —)p is continuous when ^(rjc) and ^{xc) are endowed with the dis- 
crete topology and G m (i]c) with the topology for which {Up \ n ^ 1} is a 
fundamental system of open neighborhoods of 1 . 

(2) For all a G ^c.p (notation as in \l. 3. 2\) and f G G m (?7c) we have 

(a,f) P = vp(f)Tr P/xc (s P (a)). 

(3) For all a G ~^{t}c) and f G & m {vc) we have 

Pec 

Furthermore (— ,— )p is uniquely determined by the properties above. We call 
(— , — )p the local symbol at P attached to 

Proof. The Zariski-stalk j$c,p is a submodulc of ^(rjc) and since is a Zariski 
sheaf on C, we have ^c{U) = <~)peu^c.p f° r a U open subsets U C C. Thus we 
are in the situation of Proposition 1 1 . 4 . 7l For a G M(r\c) choose a modulus m, then 
condition (2) in Proposition II .4. 71 is satisfied. Let {p a .p ■ l G m (vc) ^ ^( x c)}pgC 
be the family of continuous homomorphisms from Proposition ll.4.71 (1) constructed 
for (a,m). Notice that this family does not depend on the choice of the modulus m 
for a: Indeed if m' is another modulus for a then so is m" = m + m'. But the family 
{Pa p} constructed via m" satisfies in particular, the same properties as {/0p a } and 
so by uniqueness they have to be the same. Then for a G ^{rjc) and / G & m (vc) 
we set 

(a,f)p : = Pa.p(f)- 

It follows from the uniqueness of the p's that this defines a biadditive pairing, which 
is i?-lincar in the first argument. The properties (l)-(3) now follow immediately 
from the corresponding property of the p's. □ 

1.5.4. Corollary (cf. [31, III,§1, Prop. 2]). Let $ : JC -»■ Jf be a morphism 
between reciprocity functors. Then for all C G ( e if/S), P G C, a G y^(j]c) and 
f G G m (r/c) we have 

Proof. Follows from the uniqueness statement in Proposition II .4.71 □ 

1.5.5. Proposition (cf. [3T| III, Prop. 3 and 4]). Let ./# be a reciprocity functor 
and ir : D — > C a finite morphism in / S). 

(1) For all b G ^S{t\d), f G & m (vc) and P G C we have in ^{xc) 

KA/)p= TT x D /xc( b i 7r *f)Q- 

QEtv-^P) 

(2) For all a G ^{rjc), g G & m (j]D) and P G C we have in ^£{xc) 

(a,ir*g) P = ^ Tr xr,/x c {'X*a,g)Q. 
Qe-K-^iP) 

Proof. (1). For / G G m {Vc) and P G C set 

p P (f):= £ Tr Xn/xG ((b,K*f) Q ). 
Qe^- 1 (p) 
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Then pp : G m (r]c) «#(ic) is clearly a group homomorphism, it is continuous 
since the (— ,— )q , s are and by 11.5.31 (3) we have J2pec Pp(f) = for all / g 
& m (j1c)- Further, let n be a modulus for b. Then m := 7r*n is a modulus for 7r*(6) 
by Proposition [TX51 (3) and for P g C\ |m| we have 7r _1 (P) C D \ |n|. Thus as in 
(|1.4|) we have pp(f) = vp(f)Tr P / xa (sp(vr*b)), for P g C \ |m|. Hence the family 
{pp}pec satisfies the conditions (a)-(c) from Proposition 11.4.71 (1) and thus the 
statement of (1) follows from the uniqueness statement in Proposition II .4.71 

(2). Let m be a modulus for a. Then n := 7r*m is a modulus for ir*a, by 
Proposition ll.4.51 (4). Thus for P E C \ |m| we have as in (|1.5|l 

(a,7T„g) P = vp(Tr*g)Trp/ xa (sp(a)) 

= Y Tl 'xD/xc( v Q(9) TT Q/x D (^*a)) = Y TT x D /x c {{^*a 1 g) Q ). (1.18) 

Now we consider the case P E |m|. For P' g |m| choose mp/ ^ 1 such that 
(a,U p ™ p,) )p> = and for all Q E |n| with tt(Q) = P' choose n Q > e{Q/P')m P , 
such that (7r*a, £/q" q) )q = 0. By Lemma H33] we have 



QeTT-i(P') / 

Now by Lemma 11.4.61 we can find a ft g G TO (??£)) such that ft 6 U^ Q ^ for all 
Q G n\ tt- 1 (P) and g/ft g 1^" q) for all Q g ^(P). Wc compute: 

(a, Tt> f g)p = ~Y, (a, 7r*ft)p/, choice of ft, 

P'G|m| 

= - ]T (a,7r*ft)p, b y rrxni(3), 

P'eC\|m| 

= - Y Tr XD/xc ((n* a> h) Q ) bydnHl) 

QGX»\|n| 

= Y ^ D / XG ((^a,h) Q ) by[TXl(3), 

QGjnj 

= Y Tl x D /xc(( 7r * a ^9)Q) choice of ft. 

Hence (2). □ 

1.5.6. Definition. Let M be a reciprocity functor, C g / S) a curve and P E C 
a closed point. Then we define 

Fil P ^(77 C ) := ,# CjP 

and for n 1 

Fil P ^(77c) := {a g .rfffac) I (o,u)p = for all u E U p n) }. 

Clearly FU.p^f(r]c) forms an increasing and exhaustive filtration of sub-P-modulcs 
of Jl{r\c)- 

1.5.7. Definition. For n ) we define RF„ to be the full subcategory of RF 
formed by the reciprocity functors which have the property that for any curve 
C E (^ '/S) and any closed point P in C 

FU P M(i lc ) = M(vc)- 
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We get an increasing sequence of subcategories 

RF C RFj c . . . C RF„ C . . . RF. 

1.5.8. Remark. We will see later that the above filtration of RF is not exhaustive, 
e.g. G a is a reciprocity functor which does not lie in any RF„, n ^ (since the 
pole order is not bounded). 

1.5.9. Lemma. Let ./# be a reciprocity functor and m = X^pec n pP an effective 
divisor on a curve C G (ff/S). Then 

Jt{C,m)= p| Fil P p ^(j ?c ) = f| Fil P p ^(T;c)n.^(C\|m|). 

PeC FG|m| 

Proof. The second equality is clear and the inclusion D for the first equality follows 
immediately from reciprocity. For the other inclusion take a G ^£(C, m), P G |m| 
and u G U [ p p) . Take N Q > n Q with (a, U [ q q) )q = for all Q 6 |m| and choose 

up E G m (r)) with up/u E U ( p Np) and u P G U ( q Nq) for Q G |m| \ {P}. Then u P = 1 
mod m and 

(a,u) P = {a,u P )p = ^2(a,u P ) Q = 0. 
Oe|m| 

Thus a G Filp p t .#(r7), which gives the statement. □ 

1.5.10. Lemma. If m — X^Pec n -p[-P] * s an effective divisor on C , we denote by m n 
the effective divisor m„ = X)pec TOp [-f]> w here mp = min{np,n}. For ^# G RF 
the following conditions are equivalent: 

(1) lies in RF„ . 

(2) For any C G / S) and any effective divisor m on C, one has ^#(C, m) = 
.£{C, m„). 

Proof. This follows directly from Lemma ri.5.91 □ 

1.5.11. Example. Let ^# be a reciprocity functor. Then we have 

(1) // G RF iff .^{ric) = J?{C) for all C G (tf/S). 

(2) Jt G RFi iff sf = sf : .^Tp.(A^) -> M(x). 

Indeed (1) follows immediately from the definition and (2) from Lemma ll.4.31 



2. Examples 

2.1. Constant reciprocity functors. Let M be an i?-module. Then M defines 
a constant Nisnevich sheaf with transfers on Rcg^ 1 , defined by M(X) := M® r , 
for X G Reg^- 1 with r connected components, and an elementary correspondence 
Z G Cor(X, Y) acts via multiplication with its degree deg(Z / X) . One easily checks 
that in this way M defines a reciprocity functor and that we obtain a fully faithful 
functor 

(R - mod) -> RF C RF. 



2.2. Algebraic groups. In the following by an algebraic group we mean a smooth 
connected and commutative group scheme over S. 
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2.2.1. Trace for algebraic groups. Let G be an algebraic group and tt : Y — > X a 
finite and flat morphism of degree d between noetherian S'-schemes. Then (see e.g. 
[TJ Exp. XVII, (6.3.4.2)]) there exists a canonical X-morphism 

X -> Sym^F. (2.1) 

(We quickly recall how this is constructed locally: Assume ir corresponds to a ring 
map A — >■ B which makes B a free A-module of rank d. For a not necessarily com- 
mutative A-algcbra D denote by TS^(-D) = (D® Ad )^ d the ^4-algebra of symmetric 
tensors. Then (see e.g. [TJ Exp. XVII, (6.3.1.4)]) the determinant End^(i?) -> A 
induces an homomorphism of A-algebras TSJ^End^B)) — > A, whose composition 
with End J 4(_B) — >■ TS^(End^(i?)), i 4 i 8 . . . ® i, gives back the determinant. 
Then (|2.ip is locally given by taking Spec of the composition 

TS d A (B) -> TSl(End A (B)) -> A, 

where the first map is induced by the natural map B —> End/i (£?).) 
Now in |JJ Exp. XVII, (6.3.13.2)] the trace morphism 

7T* = Try/x : G(Y) -> G(V) 

is defined as follows: Let « : Y -> G be an 5-morphism, then Try/x(w) : V — > G is 
given by the composition 

X ^ Sym< Y E ^") G. 

By [TJ Exp. XVII, Ex. 6.3.18] the trace thus defined equals the usual trace 

F(V, 0y) T(X, ff x ) (rcsp. norm r(Y, ^) NmY/x ) r(X, 0*)) for G = G a 

(resp. G = G m ). 

2.2.2. Proposition (cf. [3TJ III]). Let G be an algebraic group. Then the Nisnevich 
sheaf Rcg^ 1 3 U i— > G(U) extends to a functor on Reg^ 1 Cor (wa t/ie trace recalled 
above) and as such is a ^-reciprocity functor. Furthermore a morphism of algebraic 
groups induces a morphism of the corresponding reciprocity functors. 

Proof. It is well-known that U — ► G(U) is a Nisnevich sheaf on Reg^ 1 . Further, 
if U € RegCon^ 1 is 1-dimensional with generic point r\ the natural map G(U) — > 
G(rf) is injective. (This follows from the valuative criterion for properness, since 
the neutral section ec ■ S — >■ G is a proper map.) Thus the sheaf G satisfies 
the conditions (Inj) and (P.F.) from Definition 11.3.51 Furthermore by [TJ Exp. 
XVII, Prop. 6.3.15] the trace recalled above yields a functor G : RegConJ- 1 — > 
(Z — mod), such that for a finite and surjective morphism 7r : X — >• Y in RegCon^ 1 
the composition 7r*7r* is multiplication with deg7r on G(Y). Thus G is a Mackcy 
functor with specialization map if it satisfies condition (3) of Lemma 11.2.21 So let 
Y, X, X 1 and /, g be as in Lemma IT.2. 21 (3). Since G satisfies (Inj) we may assume 
that X' actually is an S'-point (Then g : X' — > X is either dominant or the inclusion 
of a closed point.) By [TJ Exp. XVII, Prop. 6.3.15] the trace is compatible with 
base change and decomposes as a sum on disjoint schemes. Hence it suffices to 
show, that if k is a field and A is a finite local fc-algebra, then Tr^/^ : G(A) — > G{k) 
equals the composition 

G(A) -> G{A Tcd ) > G(k). 

This follows immediately from [TJ Exp. XVII, Prop. 6.3.5], which implies that if 
d = [A Te d ■ k] and d — [A : k] = d ■ lg(A), then the map Spccfc — >• Sym^Spec A) 
factors via 

Specfc -> (Sym*(Spec A rcd )) xlg( ' 4) ^4 Symg(SpecA), 
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where the arrow labeld "can." is the canonical morphism induced by the composi- 
tion 

TS d k (A) -> TS d k (A ied ) TS(diag ° nal) ) TS d k (Af^)) 

= TS^ 1 (A cd ) ® fe . . . ® k TS n k ^ (A> (A rcd ) ^ TS d k ° (A ied ) & zW . 

Thus G is a Mackey functor with specialization map. It remains to check that 
for C G ( c #y S) and any non-empty open subset U C C any section a G G(U) 
admits a modulus (see Definition ll.4.ip . In case k(xc) is algebraically closed this 
is a theorem due to M. Rosenlicht (see [211 III, §1, Thm. 1]). The general case 
follows from this as follows: Let a : x —> x := xc be a geometric point (i.e. k(x) is 
algebraically closed), denote by v : D — > (C x x x)red the normalization map (notice 
that (C Xj x) re d is integral since C — » x is geometrically connected) and by ir the 
composition 

7r : D (C x x x) Icd C C x x x ' dxJ > C. 

Take a G G(J7). Then by the theorem of M. Rosenlicht n*a G G{ir- l {U)) has a 
modulus and thus we find an effective divisor m on G with support equal to G \ U 
and such that ir*a has modulus 7r*m. We claim that a has modulus m. For this 
take / G G m (r]c) with / = 1 mod m (in particular ir* f = 1 mod 7r*m ). Since 
a : G(x) — > G(x) is injective (G being an fppf-sheaf) it suffices to show 

0= ^2 Vp(f)o-*Tip/ x (s P (a)) = E E vp{f) ■ h> ■ v* P >sp(a), 
PeC\\m\ PeC\\m\P'€Px m x 

where ap< : P' — > P is induced by cr and Zp< = lg(^PxoiX,P')i notice that we can 
drop the Trp// 5 on the right since P 1 = x. For this, let i G &c,p be a local 
parameter, then by [JJ Lem. 1.7.2, Ex. 1.2.3] we have 

i pi ■ [p'} = [div(t| 0x . s )]|p, = i VD ■ E e (Q/ p )) • [ p ']> 

where l nD := ^g{^Cx x s,rm) (notice that [Q : P 1 ] = 1). Thus we obtain 

E E m/h P i ■ a* P ,s P (a) = l VD ^ v Q (ir* f)s Q (Tr*a), 

P£C\\m\ P'GPx x 5 QGD\|7r*m 

which is zero by our choice of m. This finishes the proof. □ 

2.2.3. Remark. It follows from the proof of [2H HI, §1, Theorem 1], the above proof 
and Example 11.5.111 that 

!RFo, if G is an Abelian variety 

RFi, if G is a semi- Abelian variety 

RF \ U„RF„^o, if G is unipotent. 

2.3. Homotopy invariant Nisnevich sheaves with transfers. 

2.3.1. Recollections on PST. Let SmCors be the category defined in [251 2.1] whose 
objects are smooth S'-schcmes and the morphisms are given by finite correspon- 
dences, i.e. HomsmCors (X, Y) = Cors(X, Y). A presheaf with transfers over S is a 
contravariant and additive functor from SmCors to the category of Abelian groups, 
& : (SmCors) op — > (Ab). The category of presheaves with transfers is denoted 
by PST; it is an Abelian category. Inside PST we have the full subcategories 
NST of Nisnevich sheaves with transfers, HI of homotopy invariant presheaves 
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with transfers and HlNis = HI n NST of homotopy invariant Nisnevish sheaves 
with transfers. The inclusion functor HI — >■ PST admits a left adjoint 

h Q : PST -> HI 

where ho(^) is the presheaves with transfers defined for any smooth S'-scheme X 
by 



ho(&)(X) := Coker 



By |35l Theorem 3.1.4] the sheafification functor & H> restricts to a functor 
PST — ^ NST which is the left adjoint to the inclusion functor NST -> PST. 

2.3.2. Definition. A model of I 6 Rcg^ 1 is a separated and smooth ^-scheme 
U together with an affine morphism u : X — > U such that for any open affinc 
Spec A C U the ring r(Spec A,u*&x) is a localization of A by a multiplicative 
subset. A morphism between two models is a morphism of schemes under X . Wc 
denote by 97ix the category of all models of X. 

2.3.3. Lemma. The category Sltx of models of X £ Rcg^ 1 is cofiltered and in 
particular non-empty. 

Proof. This is straightforward. □ 

2.3.4. Proposition. Let J? £ PST 6e a presheaf with transfers. Then 

Reg° 3l4 #m := colim &(U) 

naturally defines a presheaf with transfers on Reg^ 1 (in the sense of Definition 
\1.2.R with R = Tj) and we obtain an exact functor 

PST -> PT, & h-> #, 

wfcft restricts to NST NT. 

Proof. For X, F £ Reg^ 1 and [V] £ Cor(A, F) an elementary correspondence, 
we find models X — > U and V — > V and an elementary correspondence [W] £ 
Cor([7, V) which pulls back to [V] under X x Y — > U x V. We get a map 
J?([W]) : ,^{y) — > ^{U) and it is straightforward to see that it induces a map 
— > ,^{X) which is independent of the choices of U, V, W and is compatible 
with composition. This proves the first statement and the other statements are 
immediate. □ 

The following statement is a collection of results of V. Voevodsky. 

2.3.5. Proposition. The above functor PST — > PT restricts to a conservative 
functor 

HI Nis ^RF 1; 

where RFi is defined in \1.5.1\ Furthermore, restricting & to ptCor op we obtain a 
functor Hindis — > MF, which still is conservative. 

Proof. Take & £ HInis- By Proposition 12.3.41 & is a Nisncvich sheaf with trans- 
fers on Reg^ 1 and it automatically satisfies condition (F.P.) from Definition 11.3.51 
Further, by [3H Corollary 4.19] and [23 Proposition 3.1.11], the restriction map 
&{X) &(U), for U X a dense open immersion in Smg, is injective. This 
implies (Inj) from Definition 11.3.51 and hence & £ MFsp. Furthermore, since & 
is homotopy invariant we have Zq = i*^ on ^"(P^ \ {1}) with x an S'-point. Thus 
& £ RFi by Lemma ri.4.31 The conservativity statement follows immediately from 
[31 Proposition 4.20] and [SSI Proposition 3.1.11]. □ 
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2.4. Cycle modules. 

2.4.1. In the following we will freely use the numbering of the data and rules a 
cycle module should satisfy as introduced by M. Rost in [57]. We will check that a 
cycle module defines a reciprocity functor in the sense of Definition 11.5.11 For this 
we will use Proposition 1 1.3. 51 which provides a description of Mackey functor with 
specialization which is closer to the definition of cycle modules. 

2.4.2. Cycle modules are graded reciprocity functors. Let M* be a cycle module as 
defined in [27J (2.1) Definition]. Let n £ Z be an integer. First note that M n is a 
Mackey functor by Rla-c and R2d, sec Rcmark ll.3.31 As we shall sec, the Mackey 
functor M n is canonically the underlying Mackey functor of a Nisnevich sheaf with 
transfers on Reg^ 1 which satisfy the modulus condition (MC). Let C <E c (o jS be a 
curve. To a closed point P in C corresponds a discrete valuation vp on the function 
field k(t]c) °f the curve, and thus a residue homomorphism D4 

dp :=d vp : M n (r]c) ->• M„_ X (P). 

Given an open subset U C C, we set 

{J£n)c{U) := p| kcr (d P : M n (f]c) M„_ X (P)) . (2.2) 
Pet/ 

This in fact defines a sheaf in the Zariski topology on C and the stalk at P is the 
kernel of dp. 

2.4.3. Lemma. For all C G ("a? '/£) i/ie functor on the small Nisnevich site Cms; 
which sends an Stale C '-scheme U to ®i{^ n )ci{Ui), where the Ui's are the con- 
nected components of U with projective regular model Ci, is a sheaf. 

Proof. Let X e Reg xi and 




be a distinguished Nisnevich square for the Nisnevich topology i.e. n is an etale 
morphism, j an open immersion and if Z := X\U with its reduced scheme structure, 
then tt^ 1 (Z) — > Z is an isomorphism. By [3H1 Proposition 2.17], it is enough to 
check that the square 

J( n {X) ^J( n {y) (2.3) 



is cartesian. Let for any scheme Y G Reg^ 1 , JKi(Y) be the direct sum over the 
irreducible components T of Y of the M„(r?r)'s. Then the square analogous to (|2.3p 
with replaced by jY n is cartesian. Indeed this follows from the following two 
observations: 

• if C is an irreducible component of X, then cither Cf)U ^ (and thus CP\U 
is an irreducible component of U), or C is contained in Z, and therefore 
dominated by a unique irreducible component of V, which is moreover 
isomorphic to C; 

• since n is etale, any irreducible component D of V dominates an irreducible 
component C of X, and C n C/ ^ if and only if L> n W / 0. 
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Now to see that (|2.3[) is cartesian, it is enough to remark that if P G X is a closed 
point that does not lie in U, then there exists Q G V such that ir induces an 
isomorphism k(Q) ~ k(P), then by R3a we have 

d Q on* = e(Q/P) -dp = d P 

since it is unramificd. □ 

2.4.4. Let vo be a uniformizer of the local ring Gc,p, and consider as in [27J P- 
329], the map 

Sp 7 : M n (r) C ) -> M„(P), a h> a?(o) := d P ({-^} • a). 

The restriction to {^ n )c.p is independent of the choice of the uniformizer w. 
Indeed if w' is another uniformizer of the local ring 0c, p, then there exists a unit 
u G 0q P such that w' = uw and using R3e, we get for any a G (^ n )c,p 

Sp (a) = <9p({— w'} ■ a) = dp({— uvj} ■ a) = dp({— w] ■ a) + dp({u} ■ a) 
= s£(a) - {u} ■ dp(a) = s%(a). 
Hence we may denote by 

sp : {Jt n )c,p -> M n (P) 
the restriction of the map Sp . 

2.4.5. Proposition. Lei M* fee a cycZe module over S . Then for any integer n G Z, 
i/ie triple (M n ,^ n ,s) defines a 1-reciprocity functor over S via Provosition \1.3.b\ 
which lies in RFi. Furthermore, its associated symbol (see Corollary- Definition 
M.5. 3\) is given by 

M n ( Vc ) x G m ( Vc ) -> M n (x c ), (a, /) ^ (a, /)p = Tr P/xG d P ({f} ■ a), (2.4) 
for C G (tf/S) and P G C. 

Proof. Let us first check that «/#„ has the required functoriality. Let ir : D — > C 
be a morphism in (ff/S), then the morphism 7r* : M n (r)c) — > M n {rjp>) induces a 
morphism of presheaves 7r* : {^ n )c ^ 7t*(<^i)d- Indeed if f C C is an open 
subset, then by R3a we have 

d Q o ir* = e(Q/P) • (ir* Q o S P ) 

for any closed points P G P and Q £ D such that 7r(Q) = P. Hence if a G 
{-^n)c{U) then 7r*a lies in (^# n )£>(7r _1 ([/)). Similarly, if 7r is a finite morphism, 
R3b ensures that the morphism 71%, : AI n {i]p>) — > M n (r]c) induces a morphism 
of presheaves 7r* : 7t*(./#„).d — > (^n)c- Thus the triple (M n ,^ n ,s) is a data 
(l)-(3) from Proposition 11.3.61 It remains to check the conditions (R0)-(S3) from 
Proposition [Pol and (MC) from Definition OH 

Condition (RSO) is Lemma r2.4.3l and (RSI) is an immediate consequence of the 
condition (FD) that cycle modules are required to fulfill. Let C € j S) and 
a G M n (xc)- Then by R3c, we have dp(p*a) = for all P G C, which means that 
(RS2) holds. The condition (S3) follows from R3d. Let ir : D — > C be a morphism 
in (tf/S), Q G D and denote by ttq : Q — >• ir(Q) =: P the map induced by ir. Let 
vjq (resp. wp) be a uniformizer of the local ring (?d,q (resp. (?c,p)- We may write 

* e(Q/P) 
IT Wp = U ■ H7g , 

where u G &p q. Relation (SI) follows from [57J (1.9) Lemma], which gives for any 
a G (X)c,p 

S Q Q (iT*a) = TT^Sp P (a) - {u} ■ n^dp(a) = ir^s P (a). 



30 



FLORIAN IVORRA AND KAY ROLLING 



Assume now that tt is finite. For any a G 7r* ((^k)z>)p, we have 

sp(ir*a) = dp({— vjp} ■ n*a) = dpir* ({— ir*zup} ■ a) by R2b 

= n Q*®Q ({~n*w P } • a) by R3b 

On the other hand by R3e 

d Q {{-<K*w P } ■ a) = e(Q/P) ■ d Q ({-m Q } ■ a) + d Q ({u} ■ a) 
= e(Q/P)-s Q (a)-{u}-d Q (a) 
= e(Q/P)-s Q (a). 

This implies (S2). It remains to prove that the modulus condition (MC) is fulfilled. 
Let C G (ff/S) be a curve and U C C be a non-empty open subset and take 
a G (^ n )c{U). The closed subset C \ U consists then of finitely many closed 
points Pi,. . . ,P r and let m be the effective divisor m := Yli=i P- Let / G G m (?yc) 
be a rational function such that / = 1 mod m. By the reciprocity law for curves 
RC, we know that 

]TTr P/xc dp({/}- a ) = 0. (2.5) 

Pec 

If P = Pi for some i G {1, . . . , ?*}, then by definition / G Up'* = 1 + mp. Hence / 
is a unit and R3e implies that 

dp({f} ■ a) = -{/} • d P (a) = -{1} • d P (a) = 0. (2.6) 

On the other hand, if P £ U and w is a uniformizer of the local ring &c,p, then 
by R3f we have 

d P ({f} ■ a) = d P ({f}) ■ s£(o) - • dp(a) + {-1} • d P ({f}) • d P (a) 

= dp({f})- Sp >(a) = vp(f)-sp(a) 
since a G (^#„)c(t^). Hence the reciprocity law (|2.5|) . may be rewritten as 

^ v P (f) ■ TT P/xc (sp(a)) = 0. 

P£C\\m\ 

This shows that the modulus condition (MC) is fulfilled. Hence (M n , s) defines 
a reciprocity functor. The formula for the associated local symbol follows from 
the computation above and the uniqueness statement in Corollary-Definition 1 1 . 5 .31 
Hence (M n , Jt n , s) G RFj by □ 

2.4.6. Example. In particular the n-th level of Milnor X-theory gives a reciprocity 
functor for all integers n 0, 

Kjf = (Kjf,Je,«)- 

Notice that for C7 G (^/S), the sheaf is defined by ([2"S]l . If n{x c ) is an 

infinite field this coincides with the sheaf K^(@ c ) by PS Thm. 7.1.]. 
Also notice that we have 

Ki 1 = G TO . 

2.4.7. Functors of zero cycles. Let A be a smooth quasi-projective S'-scheme, of 
pure dimension d, and n G Z an integer. Denote by CHo(A, n) = CH d+,l (A, n) the 
higher Chow group of zero cycles defined by S. Bloch. As explained in Proposition 
12.4.51 cycle modules are graded reciprocity functors. This implies in particular that 
the functor 

CH (A,n) : (pt/S) -> (Z-mod), x i-> CH (A, n)(x) := CR (X X , n), (2.7) 
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defines a Z-reciprocity functor over S, denoted by 

VH {X,n). 

Indeed this functor may be obtained from via the fibration technics of [27J 
§7]. To see this let be a cycle module over X (e.g. Milnor K-theory K^ 1 ) 
and g : X — > S be the structural morphism. As shown by M. Rost in [27J (7.3) 
Theorem], for any integer q £ Z, we get a cycle module A q [g; M] over S. This cycle 
module is such that for any S-point x 

A q [g;M) n (x) = A q (X x ;M,n), 

where A q (X x ; M, n) is the q-ih homology of the cycle complex C*(X X ; M, n) defined 
in [27J §5]- Assume now M* = K^ 1 . We have then two isomorphisms 

A [g;K™] n (x) = A (X x ;Kf, n) ~R^(X x] X™ n ) ~ CR (X x ,n). (2.8) 

The first one is due to K. Kato [T7J (see also [27J (6.5) Corollary]), while the second 
one may be found in 2, Theorem 5.5]. Since A [g, K^ 1 ] is a cycle module, it follows 
from Proposition ^. 4. 51 that (j2.7p defines a reciprocity functor. 

2.4.8. Remark. Let C £ (^ '/ 'S) be a curve and P be a closed point in C. As part 
of the cycle module structure, we have a residue homomorphism 

dp : A [p;K™} n (r,c) -4 A {p; ]„-i(P). 

For n = the right hand side vanishes and so does the residue map dp. Hence it 
follows from the definition (|2.2p of the regular structure on the reciprocity functor 
^Ho(X) that for any open subset U CC 

VH (X)(U) = CSo(X m ). 

In particular, 'WHo(X) £ RFo- Moreover the specialization map is the one defined 
e.g. in [JJ 20.3]. 

2.4.9. Let X be a smooth and quasi-projective S-scheme of equidimension d and 
n 0. For Y, £T two smooth connected schemes and 7 £ Cor(Y, Z) a correspon- 
dence, define a map 

7* : CH d+ "(A x Z, n) -> CU d+n (X x Y, n), Pl2 *{p* 13 a ■ p* 23 d(j)), 

where Pi2,Pi3,P23 are the three projections from XxYxZ to XxY,XxZ, 
Y x Z respectively and 0/(7) denotes the class of 7 in CH dlmZ (Y~ x Z). (Notice that 
p\ 3 a ■ P2 3 cl(j) = P23 c Kl) • P13&-) One easily checks that this defines a homotopy 
invariant presheaf with transfers 

CR d+n (X,n) : SmCor -> (Z-mod), Y o CH d+ "(X, n)(y) := CH d+ "(A x Y>). 

We denote by CH N t" (X, n) E HlNis its Nisnevich sheafification. Applying the 
functor : HInis RF from Proposition 1 2 . 3 . 51 we get a canonical isomorphism of 
reciprocity functors 

VH (X,n)^CE^P(X, n r. (2.9) 

Indeed by construction we get a canonical isomorphism of Mackey functors (see Def- 
inition [T. 3.1 p and thus by Proposition 1 1 . 3 . 61 we have to check that the specialization 
maps are the same. But for C £ (&/S), U C C open and P £ U the specialization 
map sp : c t?Ho(X,n)(U) — > ^Ho(X,n)(P) is defined using the residue homomor- 
phism dp of the underlying Rost's cycle module fsee l2.4.4"]) . which in turn is defined 
using the differentials in the cycle complex C*(A x V; K^ 1 , n), where V £ Sm is a 
model of U, see J27J 7.]. On the other hand the cycle complex C*(X x V; K^ 1 , n) is 
nothing but the Gersten resolution on X x V of J^r n , which is isomorphic to the 
Gersten resolution of CH^+"(A, n) as a Zariski sheaf on X xV (see e.g. [HI Lemma 



32 



FLORIAN IVORRA AND KAY ROLLING 



3.2]). It is this isomorphism which induces the isomorphism (|2.8[) . But the special- 
ization map for CH^t" (X, n) is again induced by the differentials of the Gersten 
resolution (see [5J Lem. 6.3]), thus we get the compatibility with the specialization 
maps. 



2.5. Kahler Differentials. 



2.5.1. Trace for Kahler differentials. Let T be a scheme, Y a nocthcrian T-scheme 
and / :I->ya finite morphism, which is a complete intersection, i.e. / is flat 
and for any x G X there exists an open neighborhood U of x, such that f\u factors 
as the composition of a regular closed embedding followed by a smooth morphism, 
U P — > Y. (This is for example satisfied if X and Y are regular and / is 
finite and flat; also any base change with respect to Y will again be a complete 
intersection.) Then in [301 §16] there is constructed for all q a trace (pushforward) 



X/T 



n q 



f* = Tr x/y 

which has the following properties: 

(Trl) For a G Q* Y/T and (3 € fl*J T , we have /*(/*(a)/3) = a/*(/3). 

(Tr2) For q = the map /* : f*&x — > @Y is the usual trace for a finite and 

locally free extension of algebras. 
(Tr3) If g : Y' —> Y is a T-morphism of noetherian schemes, then the base change 

/' : X' = X Xy Y' — >• Y' of / is finite and a complete intersection and the 

following diagram commutes 



f fl q 



n q 

Y/T 



■ g*^l 



Y'/T' 



where g' : X' — >• X is the base change of g and h := f o g' = g o /'. 
(Tr4) If fi : Xi — >• Y, i = 1, . . . ,n, are finite morphisms, which are local com- 
plete intersections, then so is / := U/j : X := U™ =1 X; — > Y and for 
f3 = (/?i,...,/3„) 6 f*^x/T = ®ifi*^Xi/T tne following equality holds 



111 jrp 



MP) 



(Tr5) If g : W — > X is finite and a complete intersection, then so is fog : W —> Y 
and we have 



f*9* = (/°ff). : (f °g)*^ Y 

(Tr6) /,o(i = (io/,: /»fi x/T -> fi^. 
(Tr7) For all a G /*^| , we have 



/T 



O 9 



, c?a s 



dNm 



(a) 



^* a ^ Nm x/y (a) ' 

where Nm^/y : f*&x ~* @y xs ^ ne norm map. 
Furthermore using Thm 16.1] and [2PJ §16, Exercise 5)] we obtain: Let x be an 
5-point and <p : Y — > x a finite morphism, which is a complete intersection. Then 
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n 9 

Y /T 



lytpy, 



(2.10) 



n" 



where ip y is the composition y t —t Y — > x, l y = 
map is induced by the natural surjections Cly/T 



length(^V J/ ) and the horizontal 



2.5.2. Residue map for Kdhler differentials. Take C in (ff / S) and set K = k(C), 
k = k(xc) and x = xc- For n G N set K n := k(K v ) and viewing K n and 0c as 
subshcaves of the constant sheaf K on C we define C n = Specie (~l Then 
(see [131 p. 88 and Thm 3]) we obtain maps 

C = C -> Ci ->• C 2 -> . . . , 

which are homeomorphisms and each C„ is a regular projective and connected curve 
over x (= xc n )- Further, for P E C denote its image in C n by P n . Then, by [131 
Thml, Thm4], for almost all n the curve C„ is smooth over x and k(P u ) is the 
separable closure of k in k(P). 

In [20, §17, Def. 17.4.] the residue map 

Res P : fii /a -> fc 

is defined by 

Resp(a) := Tr Pn/;r (Res t (Tr c / c?i a)), a E fi^, 

where Tr^/p^ and Trp^/j. are the corresponding traces from 12.5.11 n is chosen 
such that n(P n ) is the separable closure of k in k(P), which implies that the 
choice of a local parameter t at P n determines a unique and continuous isomor- 
phism of fc-algebras between k(P„ )((£)) and the completion of K n at P„, and 
Res t : ^re(p„)((t))/«(_p n ) — * i s the usual residue. It is shown in §17], that 

this definition does not depend on the choices made. Furthermore the following 
properties are proven: 

(1) Resp is A:-lincar and factors over f^, ->■ Hp^l^^) = ^/x/^c/x p- 

(2) Let 7r : D — > C be a finite morphism in C&/S) and P £ C, then on fi^ , ^ 

Resp o Tr D/c = ^ Tr^/a o Res Q 
Qew~ 1 (P) 

(3) For C € {^/S) we have for all a e nL x 

^ Resp (a) = 0. 
Pec 

2.5.3. Remark. Notice that if k(-P) is separable over k, then Resp : — > & 5 
factors via a /ine residue map 

nL. ^ k(F) ^ k, 



where Resp is defined to be Res t , with t a local parameter at P. This is independent 
of the choice of t by the same argument as in [311 H, §11]. 
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2.5.4. Higher residues. Let q be a non-negative integer. For any in Reg^ 1 we 
can consider the g-th absolute Kahler differentials of X over SpecZ, 

For C E ( C if/S) and P £ C we define 

Res P +1 : Of 1 -> fi* c 

as follows: Take 7r : C C a finite, surjective and purely inseparable morphism 
in (ff/S) such that C is generically smooth over x — xc — xc- (Notice that such 
a tt is automatically a homeomorphism.) Let P' := tt(P) be the image of P in C 
and rj' — 77(77) the generic point of C. Then define Res P +1 as the composition 

of 1 ^ ^ - n£, /a ® wW 01 n«, 

where Resp' : - ^ is the residue map from 12.5.21 and the surjection is 

induced by the short exact sequence 

o->«(»/)®n£ (x) ->ni,->fi^ /a ->o. 

This definition is independent of the chosen finite, surjective and purely insepa- 
rable a^c-morphism tt : C — > C with C generically smooth over xc- Indeed since 
such a morphism corresponds (up to isomorphism) to giving a finite purely insepa- 
rable field extension k(C)/K' such that K' is separable over k(xc) we only have to 
show, that if C — > C" is a finite, surjective and purely inseparable ^c-morphism 
between generically smooth curves, then the residues constructed with respect to 
7T : C — > C and tt' : C — > C — > C" coincide. But since the kernel of the surjection 
£lp~ -» tirf/x ®k(x) equals the image of k(t]') Q x +1 — > an d the same 

for rj" the linearity of the trace yields a commutative diagram 



Now it follows from I2.5T21 (2) and the transitivity of the trace that the definition 
of Res|, + does not depend on the choice of tt. In particular (see I2.5.2|) we can 
choose tt : C — >• C in such a way that C is smooth over x and that k(P')/k(x) is 
separable, which simplifies the definition of Rcs P . It also follows that Res P = Res p 
and that Res P + satisfies the analog of the properties 12.5.21 (I), (2), (3). 

2.5.5. Theorem. For all q ^ the absolute Kahler differentials define a reciprocity 
functor 

Reg^Cor -> (Z-mod), X^n q x , 
such that Q q ([Tf]) = f* is the usual pullback on Q q (resp. f2 Cj, ([rj]) = /* is the 
trace recalled in \2.5.1\) for f : X — > Y a map in Reg 5 * 1 (resp. a finite and flat map 
in Keg'" 1 ). Furthermore the local symbol attached to fl q (see Corollary-Definition 
M.5. 3\) is given by 

(a,f) P = Rcs p +1 (f a), a £ 51* c , / € G m ( Vc ) 
for all C G (tf/S) and P eC. 

Proof. It follows from Lemma and (Trl)-(Tr5) and fTTU)) in I2XTI that fl q 

is a presheaf with transfers on Reg^ 1 with pullback and pushforward as in the 
statement. Further it clearly is a Nisnevich sheaf and satisfies (F.P.) from Definition 
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[Q31 Next observe that for C G (tf/S) and P G C the module Q, q CP is free (of 
maybe infinite rank). Indeed if C ' jxc is smooth we have the exact sequence 

-> 6 C . P ® K{xc) nl a -V ^c,p -> ^c/x c ,p ~> °' 

which implies that Q, c p and hence also all its exterior powers are free. In case 
k(xc) has positive characteristic and C is only regular this is e.g. [21)1 Thm. 7.5]. 
In particular £l c p is a submodule of and hence property (Inj) from Definition 
ll.3.5l holds. Thus Vl q G MFsp and it remains to check condition (MC). For this we 
claim that for C G {f£ '/ 'S), P G C, a G Vl q c p and t a local parameter at P, we have 
(with x := xc and the notation from ll.3T2"]) 

Tr P/x (s P (a)) = Rcs P +1 (f a). (2.11) 

Then G m (n c ) -4 fig, / ^ Rcs p +1 (^a) clearly is a group homomorphism, which 
is continuous (by 12.5.21 1.) and satisfies the conditions (b) and (c) from Proposi- 
tion 11.4.71 Hence f2 9 satisfies (MC) and is a reciprocity functor and the explicit 
description for the local symbol given in the theorem follows from the uniqueness 
statement in Proposition 11.4.71 Thus it suffices to prove the claim (|2.11|) . In case 
C/x is smooth and P/x is separable we have that 6c. P is ctale over K(x)[t]. Thus 

n q CP = {6 c .p ® n« (a) ) © {6 c ,p ® nj^J ■ dt). 

Therefore we can write a = an + a\dt with a,; G &c p ® ^ 9 7\ an d we have by 
definition 

Res p +1 (f a) = TY P/x ( Sp (a Q )) = Tr P/x (s P (a)). 

The general case thus follows from the analog of 12.5.21 1. and 2. for Res P +1 and 
the following lemma. □ 

2.5.6. Lemma. Let tt : D — > C be a finite, surjective and purely inseparable mor- 
phism between regular curves over a field k of characteristic p > 0. Let Q G D be a 
closed point and P = n(Q) its image in C and let z G 6d,q and t G 6q,p be local 
parameters at Q and P respectively. Then for all a G £l q D q there exists a (3 G £l c P 
such that 

Tro/c^a) = f/3 mod n q +p and s P {/3) = Tr Q/P (s Q (a)) in fi p . 

Proof. Notice first that Spec 6d q — > Spec 6c, p is a complete intersection mor- 
phism and a homeomorphism. Thus Ttc/d maps £l q J~Q to fi^ + P (by (Tr3)). Hence 
it suffices to prove the statement in the case [D : C] = p = e(Q/P) ■ f(P/Q). 

1. case: e(Q / P) = I, f{Q/P) = p. We can write t = zu with u G 6£ Q . Thus 

Tr D/c (fa) = Tr D/c (fa) - Tr D/c (% a) = f Tr D/c (a) mod Q*+ p . 
Further by (S2) for ffl we have 

sp(Tr D/c (a)) = e(Q/P)Tr Q/P (s Q (a)) = Tr Q/P (s Q (a)). 

Hence we can take f3 = Tr^/c( a ) G p- 

2. case: e(Q/P) = p, f(Q/P) = 1. In this case we have t = z p u for some 
u G 6c P = 6p Q H k(C) (notice that z p G k(C)). Further, since tt* : fl q c p ->■ Q q D Q 

induces an isomorphism il p — > fig, there exists a j3 G fip P and 7.; G g, i = 0, 1, 
such that 

a = 7r*/3 + 270 + • 71, 
in particular sg(a) = s_p(/3). We obtain 

Tr D/c (f a) ee Tr D/c (f )/? ( W> f/f /3 ee f/3 mod flg. 
Hence the lemma. □ 
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2.5.7. Example. We have 

n° = G a . 

3. First properties of the category of reciprocity functors 
3.1. Lax Mackey functors with specialization map. 

3.1.1. Definition. Let ^# : Reg^Cor 013 — > R— mod be a presheaf with transfers on 
Reg^ 1 . A subset St of Jt is a collection of subsets 3%{X) c J((X) for X e Reg 551 . 
Given such a subset we define < Si > (X) to be the i?-submodulc of ^#(A) 
generated by all J({^){a), with 7 E Cor(X, Y), Y E Reg , and a E SHY). Clearly 
Reg^ 1 3 X ^< Si, > (X) is a subpresheaf with transfers of . Wc define the 
quotient Ji '/ 'St of M by the subset St to be the presheaf with transfers on Reg^ 1 
given by 

< ^ > {X) 1 y 1 

It is immediate that ^ j St satisfies the following universal property: Any mor- 
phism $ : j% — > JY of presheaves with transfers on Reg^ 1 with <&(St{X)) = 
for all X E Reg^ 1 factors uniquely over ' jSt. In particular, if Si C ~# already 
is a subpresheaf with transfers on Reg^ 1 , then ' jSt is the usual quotient in the 
Abelian category of presheaves with transfers on Reg . 

We will need the following auxiliary category 

3.1.2. Definition. A lax Mackey functor with specialization map if is a presheaf 
with transfers on Reg° which satisfies the following condition: 

(W.F.P.) For all C E (ff/S) with generic point 77 the natural map 

hm if (U) -» jSffo) 

is surjective, where the limit is over all integral U E Reg^ 1 of dimension 1 
and with generic point 77. 

We denote by LMFsp the full subcategory of PT whose objects are lax Mackey 
functors with specialization map. 

Notice that the forgetful functor MFsp — > LMFsp is fully faithful. 

3.1.3. Remark. Note that the quotient of a lax Mackey functor with specialization 
map if by a subset, as defined in Definition 13. l.ll is again in the category LMFsp. 

3.1.4. Proposition. There exists a functor 

£ : LMFsp -)• MFsp. 

such that the composition 

MFsp LMFsp ^> MFsp 

is the identity functor and for any if E LMFsp we have a functorial map 

if £(if) in LMFsp, 

which £ maps to the identity on £(if) in MFsp and which is surjective on Nis- 
nevich stalks. In particular £ is left adjoint to the natural functor MFsp — > 
LMFsp, with adjunction maps given by if — > S(if), for if E LMFsp and 

J/, A Y,{jg), for .M E MFsp. 
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Proof. Let if be a lax Mackey functor with specialization map 
with generic points 77,; set 

M(X) := Ker(if(A) -> 

Then Si is a subset of if and we set 

if' := J2f/#, 

in the sense of Definition 13.1.11 Clearly we obtain in this way an endofunctor 
LMFsp — > LMFsp, if h-> if", which is the identity on the full subcategory MFsp 
and the natural surjection of presheaves if -» if' is functorial. Now for if £ 
LMFsp we define recursively 

i* 1 := if', J?" := (if"" 1 )' , 77. Si 2, 

and set 

i^°° =lhnJ^ n . 
n 

We obtain a functor LMFsp — > LMFsp, if n> if 00 , which is the identity on 
MFsp together with a functorial surjection if -» if 00 . Further the restriction 
map if°°(C/) — > if°°(?7) is injective for all integral ?7 £ Reg 5 * 1 with generic point 
?/. Indeed, if a £ if°°({7) maps to zero in if 00 (77), there exists a representative 
a„ £ i?™(£/) of a such that a„ maps to zero in S£ n {r\). But then a n maps to zero 
in £f n+1 {U) = (if n )'(Cf) by definition and hence a = £ if°°(£7). Thus if 00 
satisfies the conditions (Inj) and (F.P.) from Definition 11.3.51 Hence 

S(if) := if^fg 

is a Mackey functor with specialization map by Lemma 11.3.71 and we obtain a 
functor E as in the statement. □ 

3.2. RF is a quasi- Abelian category. 

3.2.1. Proposition. The category MF is Abelian. If $ : M — > N is a morphism 
of Mackey functors, then for all S -points x we have in R-mod 

(Ker$)(a:) = Kcr($ : M(x) -> N(x)), (Cokcr$)(x) = N(x)/$(M(x)), 

(Im$)(a;) = <P(M(x)), (Coim$)(a;) = M(x)/Ker$(x). 

Proof. Straightforward. □ 

3.2.2. Quasi- Abelian categories. We recall the definition and some basic notions of 
quasi- Abelian categories from [251 1-1]- Let S§ be an additive category that has 
kernels and cokernels. The image Im/ of a map / : X — > Y in 33 is then defined 
to be the kernel of Y — > Cokcr / and the coimage Coim / to be the cokernel of 
Ker/ — > X. The map / is called strict if the canonical map Coim/ — > Im/ 
induced by / is an isomorphism. Following Dcf. 1.1.3] we say that SB is a 
quasi-Abelian category if the following two axioms are satisfied 

(QA) Let / : X — > Y be a strict epimorphism, then the pullback /' : X' — > Y' of 
/ along any map Y' — > Y is also a strict epimorphism. 
(QA*) Let / : X — >• Y be a strict monomorphism, then the pushout /' : X' — > Y 7 
of / along any map A — > A' is also a strict monomorphism. 

Now let ^ be a quasi-Abelian category. Then one says that a complex I^fAz 
in is strictly exact (resp. strictly coexact) if / (resp. g) is strict and the natural 
map Im / — > Ker g is an isomorphism. A complex ...—)• Ai —>-... A„ — > ... is 
strictly exact (resp. coexact) if it is so at all spots Aj_i — > Xi — > A; + i. It follows 

that a complex 0— >I AfAZ- > is strictly exact iff it is strictly coexact iff 



For A £ Reg 
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A = Ker<? (via /) and Coker/ = Z (via g); we call complexes of this kind simply 
short exact sequences. 

Finally, by Def. 1.1.17 and 1.1.18], an additive functor F : SS ->• between 
quasi- Abelian categories is said to be right exact if it transforms any strictly coexact 
sequence 0— > X — > Y ^> Z — > into a strictly coexact sequence F(X) —> F(Y) — > 
F{Z) — > (i.e. it preserves cokcrnels of strict morphisms) and exact if it preserves 
short exact sequences. 

Next wc want to show that RF is a quasi-Abclian category. For this we first 
clarify what kernels, cokcrnels, fibered products and - sums in RF are. 

3.2.3. Kernels. Let $ : „W. — \ jY be a morphism between reciprocity functors. 
Then it is straightforward to check that the kernel Ker <f> in the Abelian category 
of presheaves with transfers on Reg^ 1 is a reciprocity functor and hence is the 
kernel of $ in the category RF. 

3.2.4. Cokcrnels. Let $ : — > jY be a morphism between reciprocity functors. 
Denote by Coker $ the cokernel of $ in PT. Clearly Coker satisfies the condition 
(W.F.P.) from Definition 13. 1.21 and hence is an object in LMFsp. We set 

Coker RF $ := £( Coker $), 

where S : LMFsp — > MFsp is the functor from Proposition 13.1.41 Then it is 
straightforward to check that CokerRF $ is a reciprocity functor (use that jV — > 
CokerRF is surjective on Nisnevich stalks and Remark ll.5.2p and that the com- 
position jY — > Coker $ — > CokerRF $ is the cokernel of $ in the category RF (use 
the left adjoint property of £). 

Notice that the Mackey functor underlying CokerRF $ is in general only a quo- 
tient of the cokernel of the map on Mackey functors underlying $. The following 
Lemma gives a criterion, when they are the same. 

3.2.5. Lemma. Let <f> : jft — > jY he a map of reciprocity functors. For X S Rcg^ 1 
with generic points rji define 

rk(x) ■= ^ {x) 
y ^(x)ne;$M%))' 

where the intersection in the denominator is taken inside ®iJY(j]i). Then X i— > 
c €k(X) has a unique structure of presheaves with transfers on Rcg^ 1 such that the 
natural surjection JY -» ^k is a map in PT if and only if the following condition 
is satisfied: For all C G (ft? / S) and P € C we have (with the notation from [TTIO)) 

Sp Mc,p n $(^(r?c))) C $(^(P)). (3.1) 

Furthermore in this case ^£k satisfies (Inj) and (F.P.) and its Nisnevich sheafifica- 
tion ^^Nis equals CokerRF 

Proof. First of all notice that if jV — > ffk is a map in PT, then clearly ffk satisfies 
(Inj) and (F.P.) and it is straightforward to check that ^^Nis satisfies the universal 
property of the cokernel. Furthermore in this case the specialization maps s'p : 
jVc,p —> J^(P) induce specialization maps ^fccp — > 'tfk(P) and hence condition 
(|3.ip has to be fulfilled. It remains to show that jY — > ^k is a map in PT if (|3.ip 
is satisfied. For this it suffices to show that for any elementary correspondence 
[V] G Cor (A, Y) between integral schemes A, Y £ Reg^ 1 the composition 

jY{Y) JV(X) -> ^fc(A) 

factors over e (fk(Y). Further by Lemma Lt.1.41 1. it suffices to consider separately 
the two cases in which either the image of V in Y contains the generic point r\y 
of Y or V is the graph of the inclusion of a closed point in an open subset of 
a curve X =: P ^ Y C C and hence JY([V]) = sf : JY{Y) -> JV(P). But 
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in the first case [V] restricts to a correspondence in Cor (j]x ,Vy) and hence maps 
.jV(Y) n $(^(j)y)) to jV{X) n §(J((r)x)), i-e. induces a map <(fk(Y) tfk(X)] 
and in the second case this is simply the condition 

□ 

3.2.6. Fibered products. Let ^# — >■ _S? < — JV be two maps of reciprocity functors. 
Then it is straightforward to check that the fiber product ^# x <JY in PT is a 
reciprocity functor and hence the fiber product in the category RF. 

3.2.7. Fibered sums. Let JC <— — > be two maps of reciprocity functors. 
Then 

RCg ^ - ®- ^) W == ma)} _Va)) |a e^)} 

is the fibered sum with respect to 4> and ^ in PT and clearly lies in LMFsp. We 
set 

. // "/ JY := <5)&> JT), 

where S is the functor from Proposition 13. 1 .41 It is straightforward to check that 
J% ®^> f JV is a reciprocity functor (use that the natural map ^# © @> jY -» j$ ffi^F 
.vK is surjective on Nisnevich stalks and Remark ll.5.2|) and that it is in fact the 
fibered sum with respect to <!> and "J in the category RF (use the left adjoint 
property of £). 

3.2.8. Lemma. Let $ : ^ — > jY be a map of reciprocity functors. Then 

(1) $ is a strict epimorphism in RF iff it is a surjection of Nisnevich sheaves 
on Reg^ 1 (i.e. surjective on Nisnevich stalks). 

(2) <J> is a strict monomorphism iff it is an injection of Nisnevich sheaves (i.e. 
an injection of presheaves) and for all C £ jS) and all P e C we have 

jy c ,p n $(^f(r?c)) C *(JK)c,p< (3.2) 

i.e. for all open neighborhoods U C C of P and all a € JY{U) C\^{^{rjc)) 
there exists a Nisnevich neighborhood tt : V — > U of P and an element 
b e Jtly) such that 7r*(a) = $(6). 

Proof. We start with a general remark: If <!> : ^# — > JY is any map in RF, then 
clearly for all P G C 

sf(JK c> p n Ker $(r/ c )) C Ker $(P), 
i.e. condition (|3.1|1 holds for the map Kcr<f> — > Hence by Lemma [3.2.51 the 
coimagc CoimRp^ = CokerRp (Ker <f> — > M) is the Nisnevich shcafification of 

X i-> ~~ ^ r \ — — with r]i the generic points of X. 

(1) . Assume $ is a strict epimorphism in RF. Then CokcrRp $ = 0. Thus 
Imagc RF <f> := Ker(JY — > CokerRp <&) = JY and $ induces an isomorphism 

CoiniRF* = JY. 

Thus the surjectivity of $ as a map of Nisnevich sheaves follows from the description 
of the coimage above. 

Now assume that $ is a surjection as a morphism of Nisnevich sheaves. Then 
(Coker <f>)Nis = a fortiori CokerRp 3? = 0, i.e. <£> is an epi in RF and Imagc RF $ = 
JY. Further it follows easily from the description of the coimage above that the 
natural map CoiniRF 3> — > JV is an isomorphism, i.e. $ is strict. 

(2) . Assume $ is a strict monomorphism. Then Ker $ = and $ induces an 
isomorphism 

Jt = CoiniRF^ = Image RF $. (3.3) 
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Further for all integral X G Reg^ 1 with generic point 77 the i?-submodule ,jV(X) n 
(77)) of ,yV(X) is sent to zero in Coker RF <& (since the restriction map 
Coker RF &(X) -> Coker RF is injective). Thus for all P G C 

<yYc,p n ($(^#)(?7c)) C Image RF $ c , P C Image RF $^ P . 

Moreover we have natural maps JV — > (Coker $)Nis — > Coker RF $ of Nisnevich 
sheaves with transfers on Rcg^ 1 , thus an inclusion in NT 

(Image $) N is ^ Imagc RF $, (3.4) 

where on the left hand side we consider the Nisnevich sheafification of the image 
of <E> in PT (it is in NT by Lemma Tl. 3. 71) . Since the precomposition of (|3.4j) with 
the map ^ — > (Image $)Nis is an isomorphism by (|3.3[) . we obtain 

(Image $) N i S = Image RF $. 

Thus for all P G C 

H^)c,p = (Image $)L,c,p = (Image RF $)£ p D (^ P n $>{jZ{r, c ))). 

Hence condition (|3.2|) is satisfied. 

Now assume $ is an injection of presheaves and condition (|3.2[) holds. Then 
Ker $ = 0, i.e. $ is a monomorphism in RF. Furthermore condition (|3.2p im- 
plies that $ satisfies condition (|3.1j) and hence Lemma \'i . 2 . 51 gives a description of 
Coker RF $. It follows that Image RF $ is the Nisnevich sheafification of 

X i-> .yV(X) n © 4 $(./# (rji)) with 77, the generic points of X. 

Hence condition (|3.2j) together with the injectivity of <I> imply that <f> induces an 
isomorphism 

^ = Coim RF $ Image RF $, 
i.e. $ is strict. □ 

3.2.9. Theorem. The category RF of reciprocity functors is quasi- Abelian (see 
\3.2.%fy . Furthermore the forgetful (or restriction) functor RF — > MF is exact (in 
the sense of\MM- 

Proof. We have to check that the two conditions (QA) and (QA*) from I3.2T21 arc 
satisfied. For (QA) this follows easily from the explicit description of strict epimor- 
phisms in Lemma 13.2.81 above and the explicit description of fibered products in 
13.2.61 For (QA*) assume we are given a pair of maps ^ <— ,JV in RF, with 

$ a strict monomorphism. Then it follows from the explicit description of strict 
monomorphisms in the lemma above that the map 

n : & -> Jt © jY ', ah>($(a),-f(a)) 

satisfies condition (|3.ip . (Indeed, assume we are given a G ^c,p, b G <yVc,p and 
c G 0>{ric) with a = $(c) and b = -*(c), then by (pO)) there exists a c' G ^c,p 
such that a = $(c) = $(c') in p and since $ is injective we have c = c' G p 
and thus & = — ^(c') in ^Vq P ; hence sp(a,b) = ±I(sp(c')).) Therefore by Lemma 
13.2.51 ^ © RF ,jV = Cokcr RF LT is the Nisnevich sheaf associated to 

Ji{X)®jY{X) 

^ (^(A)©^(A))n© I n(^( 7?i ))' 

We have to check that (QA*) holds i.e. that $' : ,jV ->■ ^ © RF is a strict 
monomorphism. Using the above description and the injectivity of $ we see that $' 
is injective. It remains to check condition (|3.2p for <&'. So take P G C, an integral 
Nisnevich neighborhood U oi P and assume we are given elements a G J£(U), 
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b E -yy(U) and c £ ^(»7c) such that (a, b) = (0, c) in ©g, F .Jf)(j) V ). Then 
there exists an element d £ ^{rju) such that 

(a, 6 - c) = ($(d), in ^(w) © ^(w)- 

But since a already lies in ^K(U) it follows from condition (|3.2p for <i>, that there 
exists a Nisnevich neighborhood V — > U of P and an element e E &(V) such that 
a = $(d) = $(e) in ^(V). Since $ is injective we have d = e£ £P(V) and thus 
6 - c = -*(e) G ^(V), i.e. $'(c) = (0,c) E $'(^(V)), i.e. condition (JOJ) is 
satisfied. Thus RF is quasi-Abelian. 

For the last statement let — > Jz? .<# -)• be a short exact sequence 

in RF, i.e. Jz? = Kcr * and Cokcr RF $ = JV . Then clearly also if = Ker * in 
MF. Further to show CokcrRF $ — ^ in MF it suffices by Lemma \'S. 2.51 to check 
condition J33]). So take C € and P £ (7 and a E ^ c ,p H $(J^(??c))- Then 

*(o) = and hence a £ ^ c ,_p H Ker* S $(if C j), thus sf(a) E $(_Sf(P)). This 
finishes the proof. □ 

3.2.10. Remark. The above proof together with Lemma 13.2.51 in particular implies 
that if — > _£? -5> — > — > is a short exact sequence in RF, then JV = 
CokerRF^ is the Nisnevich sheafification of 

X 1 y 777^ ^tttt, — 7T 5 with r\i the generic points of X. 

3.2.11. Remark. All statements and proofs from l3.2.^3l to l3.2.Iu1 above work verbatim 
with RF replaced by MFsp. 



3.2.12. Lemma. Let 



be a short exact sequence of smooth, commutative, connected group schemes over 
S . Assume that for all integral X E Reg 5 * 1 and all x £ X (closed or not) the map 
a induces an injection 

ff^ (Spec ^ X ,H) ff^pf (Spec G). (3.5) 

Then the corresponding sequence of reciprocity functors (see Provosition \2.2.1fy is 
a short exact sequence in the sense of \3.2.2\ 

Proof. Clearly Ker b = H in RF. By our injectivity assumption (|3.5|) we have 

Q(x) ^ G(x)/H(x) and Q(^. P ) = G(0^ P )/H(0^ P ) 

for all S'-points x and all C £ (&/S), P E C. Hence the fact that the natural 
maps Q(U) >• Q{t]u)i U E RcgCon^ 1 , are inclusions yields an isomorphism for all 
C E {<£/S) and all P E C 

l\m(G(U) D H( VU )) ^ H(^ P ), 

U3P 

where the limit is over all integral Nisnevich neighborhoods of P. In particular the 
condition (|3.ip is satisfied. Thus the cokernel formula in Lemma r3.2.5l savs that the 
natural map CokeiRF a — > Q is an isomorphism on Nisnevich stalks and hence an 
isomorphism in RF. This finishes the proof. □ 

3.3. Truncated reciprocity functors. 

3.3.1. Lemma. For all n ^ 1, the forgetful functor o n : RF n — > LMFsp has a left 
adjoint 

g n : LMFsp -> RF„ 

such that g n o o n = id. 
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Proof. Let £ LMFsp be a lax Mackey functor with specialization map. Con- 
sider the quotient as presheaves with transfers (in the sense of 13.1. ip 

\jQ n (.Jt) := J( /3i n 

of ^ by the subset 3?„ consisting of the elements 

Peu 

where C £ '/ 'S) is a curve, U C C is a non-empty open subset, a £ ^(U) and 
/ G G m (i)c) with / = 1 modulo X)pgc\c/ n [^"1- Then Lg n (^#) is a lax Mackey 
functor with specialization, and we define a Mackey functor with specialization 
map 

£„Of) := E(Lg n {J()), 

with S as in Proposition 13.1.41 It follows from Theorem 11.4.81 and Lemma 11.5.101 
that Q n {^) is a reciprocity functor which lies in RF„. Clearly, if . // £ RF„, then 
%n = and thus g n o o n (-#) = E(o„(^#)) = by Proposition 13. 1 .41 Finally by 
the left adjoint property of S we have 

Hom RFn (g n (^),J / ) A Hom LM Fs P (Le„(^#),o„(^) / )) 

A HomLMFsp^^n^)). 

Hence g n is left adjoint to o„. □ 

3.3.2. Example. Here is an example to show that the truncation functor can be 
quite brutal: g\ (G a ) = 0. Indeed, if x = Spec k is an S-point and we take a £ k\{0}, 
we consider A 1 = Specfc[£] C P 1 and the function / = t/(t + a) £ k(t) x , which is 
congruent to 1 modulo {oo}. Then the image of 



F 

Pe 



/ Vp(f)Tr P / x s P (t + a) = a 



is zero in gi(G a ). 

In particular the left adjoint property of g\ implies that any map of reciprocity 
functors G Q — > . // with ./# e RFi is the zero map. 

4. K-GROUPS OF RECIPROCITY FUNCTORS 

4.1. Tensor products in PT. 

4.1.1. For X £ RegCon^ 1 , we set 



J({Y)® R J/y) | /K(X) 

fin. fi. 

\Y >X 



where the sum is taken over all finite flat morphisms Y — > X in RegCon 5 * 1 and 
3l(X) is the submodulc of the direct sum generated by the elements 

(a <8 g*b') - (g*a ® b'), (g*a' <S>b) - (a' ® g*b) 

where g : Y' — > Y is a finite flat morphism over X and a £ ./#(Y"), a' £ ^K(Y') : 
b £ ,yV(Y), b' £ ,JY{Y'). For X £ Reg^ 1 we extend the definition additively. 

4.1.2. Lemma. Let jY £ PT be two presheaves with transfers on Reg 5 * 1 . Then 
^# 55 is canonically a presheaf with transfers on Reg 5 * 1 . 
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Proof. It is enough to check that ^ ® JV is equipped with pullback maps and 
pushforward maps on RegCon^ 1 satisfying the conditions of Lemma Tl. 2. 21 

Pushforward: Let / : X —> Y be a finite flat morphism in RegCon^ 1 . Then the 
natural inclusions, for finite flat morphisms X' — > X in RegCon^ 1 , 

Jt{X')® R Jf{X') -»■ JK{Y') % R ,A'{Y') 

fin. fi. 

Y> >Y 

induce a morphism of i?-modules 

/. : (JT ® ~Y){X) -*{J£® JT){Y), 
which clearly is functorial. 

Pullback: Let g : Y — » X be a morphism in RegCon^ 1 . Given a finite flat morphism 
X' — > X in RegCon^ 1 , consider the i?-linear morphism 

g* x , : ^(X') ® R JV{X') -> ® ^)(Y), a®b^ ^ lg(^y/ flT ) • (g^a ® 

Tcy 

(4.1) 

where the sum is taken over the irreducible components of Y' = Y Xx X' and 
gx '■ T — > X' is the canonical morphism with T the normalization of T. Note that 
the definition makes sense since the canonical morphism fr ■ T — > Y is finite and 
flat. Let us show that these morphisms induce an i?-linear morphism 

g* : {Jt®,yV){X) -> (J(®j¥)(Y). 

Let / : X" — > X' be a finite flat X-morphism between two finite flat connected 
X-schemes in Reg"* 1 . Let us use the following notation 

/' 



9t' 




and 



It> = lg(^r», r ,), It = lg{&Y', nT ), = lg(^x»x x ,T,^,) 



where T is an irreducible component of V' and T" is an irreducible component of Y" 
that dominates T. By Lemma A.4.1], applied to the flat local homomorphism 

@y>,i\t ~^ @Y",t) t ,i we have 



T' 



It • Irp 



(4.2) 



Note that since / is universally equidimensional (being finite and flat), any irre- 
ducible component T of Y' is dominated by an irreducible component X" of Y". 
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Now for a' 6 J?{X") and b G jY{X') we have in {Jl ® ^V)(Y) 

9x'{(f* a ') ® b) = X It ■ (St/** 2 ' ® 9t^), by definition 



Tcy 



= ^ X It-It ■ (f'*9T' a ' ® 5T fo )> b y Lemma [TO] 

TCY' T'CX"x x ,T 

= 51 It- ■ {flg T >a' ® 9 T b), by gj) 

T'CY" 

= /t " ® St'/* & ), b y definition of ft(Y) 

T'CY" 

= g* X "{a' ® f*b), by definition. 

By symmetry we obtain that g* x , maps %(X) to zero. This shows that the map 
(|4.1|) is well defined. Functoriality is proven by a similar computation. 

Degree formula and cartesian square formula: Consider a finite and flat morphism 
g : Y — >• X in RcgCon^ 1 . Let / : X' — » X be a finite flat morphism in RcgCon^ 1 , 
and a G ^f(X'), b G jV{X'). Since is a finite flat morphism (with notation as 
above), the projection formula gives in (./# <g> JV)(X) 



9*9 



(a®b) = g* x ,(a®b)= ^ lg(^y/^ T ) • g^a <g> g T & 



TCY' 

TCY' yTCY' / 

= deg(g) ■ a®b. 

It remains to check the cartesian square formula. Let g : Y — » X be a morphism 
in RegCon^ 1 and / : X' -> I be a finite flat morphism in RegCon^ 1 and take 
a G ./£(X') and 6 G JV{X'). Using the above notation and (|4.2p we obtain 

X h ■ fT*g T i a ® h ) = X ^ T ' X It {gT' a ®9T'b) 

TCY' TCY' yT'CX"x x ,T 

= X ' T ' ' {9T' a ®9T' b ) =9*f*{ a ®b), 

T'CY" 

as desired. □ 

4.1 .3. Remark. Let M and TV be two Mackey functors (see Definition II. 3. 1[) . Recall 
that the tensor product as Mackey functor of M and N is defined as follows (see 
e.g. [IS]). Let x be an .S-point 



M 

(M®N)(x) :-- 



M(£)®^(£) 



L€ >z 

where the sum is taken over all finite morphisms of S'-points and 9£(x) is the sub- 
module of the direct sum generated by the elements of the shape 

(8*a')®b-a' ®8*b and a ® 6*b' - <5*a ® b', 

where a G M(£), a' G M(£')j 6 6 N(£), b' G M(f) and S : £' -> £ is a morphism 
between finite x-points. It follows from the definition that the underlying Mackey 
functor of the tensor product in PT is simply the tensor product of the underlying 
Mackey functors as defined above. 
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4.1.4. Lemma. If J( £ LMFsp and ,/K £ LMFsp then ® JV is also a lax 
Mackey functor with specialization map. 

Proof. Let C be a curve in (ff/S). We have to show that the condition (W.F.P.) 
holds i.e. that the map 

colim(>f <g> JY){U) -> (^T <g> ^f)(r/ c ) (4.3) 

is surjective. Let £ — > 77c be a finite morphism, and a £ 6 £ There 

exists an open subset V in the normalization of C in £ — >• 77c 1 such that a lifts 
to ^(V) and 6 to JY{V). We may then find an open subset U in C such that V 
contains the image inverse of U in . Since the morphism [/^ — ?• U is finite and 
flat, we see that a ® b lifts to {y£ <g> ,jV)(U), and therefore (|4.3p is surjective. □ 

4.1.5. Definition. Let z = 1, . . . ,n, and jV be objects in the category PT 
i.e. presheaves with transfers on Reg^ 1 . Then an n-linear map of presheaves with 
transfers 

n 

$ : JJ Mi JV 

i=l 

is a collection of n-linear maps of i?-modules $x : Yl7=i ^i(X) — > -JV(X), where 
X runs through all schemes X £ RegCon^ 1 , satisfying the following properties (we 
simply write <& instead of $>x)'- 

(LI) For / : X — > Y a morphism of schemes in RegCon^ 1 and at £ 
i = 1 , . . . , n we have 

/*$(ai, • • . , a„) = *(/*oi, • ■ • , /*«„). 

(L2) For / : X — >• Y - a finite flat morphism of schemes in RegCon^ 1 and a, £ 
^i(Y), i ^ io, and 6 £ .^ (X) we have 

$(ai, . . . , <2i -i, /*&, aj +i, . . . , a„) 

= /*$(/* ai, ■ ■ ■ f*a io -i,b,f*a io+1 ,. . . ,/*a„). 

We denote by n— Lin(^i, . . . , ./#„; the i?-module of n-linear maps JT. — ^ ,/K 
and set Bil(^#i, ^# 2 ; ^) '■= 2 — Lin(./#i, ,/# 2 ; 

4.1.6. Corollary. For M,Jf £ PT ifte map x Jf(X) -> („# g> ,/K)(.Y), 
(a, 6) i-> a ® 6, X £ RegCon^ 1 , is a bilinear map and it is universal, i.e. it induces 
an isomorphism of functors on PT 

HompxM' ® .yf, -) ~ Bil(^, ^T; -). 

Furthermore, the functor ® makes PT a monoidal category with unit object the 
constant presheaf R. 

Proof. Straightforward. □ 

4.1.7. Example. Let be a presheaf with transfers on Reg^ 1 and N an i?-module 
viewed as a constant presheaf with transfers (cf. Example 12.1)) . Then it is easy to 
check that «/# (g) N is the presheaf with transfers given by I i-> ^f (X) ®ij iV, 
X £ RcgCon^ 1 , and a correspondence a £ Cor(X, Y) between two schemes in 
RegCon^ 1 acts via ^#(a) <8> idjy. 
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4.2. K-groups of reciprocity functors. 

4.2.1. Definition. Let i = 1, . . . , n, and jV be reciprocity functors. Then an 
n-linear map of reciprocity functors 

n 

$ : Y[ -> 

i=l 

is an n-linear map in PT (sec Definition I4.1.5[) satisfying the following additional 
property: 

(L3) For any sequence of positive integers r 1} . . . ,r n ^ 1, any C E { c <o / S) and 
P G C we have 

$(Fil r p > .^(r/c) x ... x Fil^^ n (77 C )) C Fi\™* {ri ~-' rn} „¥{r,c), 
where Filp is the filtration defined in Definition 11.5.61 
We denote by n — LuirfG^i, ■ ■ ■ , -^n\ ^0 the R- module of n-linear maps \\ i — > 
,jV and set Bil RF (./#i, Mi\ JV") := 2 - LinR F (.^i, J^2\ JV). 

Notice that if : — > i = 1, . . . , n, and : — > J/' are morphisms 
of reciprocity functors and <& is an n-linear map as above, then $ o (Y[ i and 
are also an n-linear maps. Thus n — LinRF(.^i, ■ ■ ■ , ^0 has the expected 
functorial properties. 

4.2.2. Remark. It follows from Lemma fl. 5. 91 that condition (L3) is equivalent to the 
following: For all C £ {^/S) and effective divisors mi, . . . ,m„ on C we have 

$(^#(C,mi) x ... x ^#(C, m„)) c JV(C, max{rrti, . . . ,m„}). 

4.2.3. Definition. Let i = 1, . . . ,n be reciprocity functors. 

(1) Let 

LT(.#i, . . .,..#„) :=4®'"® Jt n f% 

be the quotient (in the sense of 13.1. ip of the presheaf with transfers ® 
■■■(E) 6 PT by the subset H, consisting of the elements 

v P {f)-sf 1 {a 1 )®...<g)sf n {a n ) in (^i ® ...®^„)(a;c), (4.4) 

PGC\| maxjmi}! 

where C <E ( c to/S), m^, i = l,...,n, are effective divisors on C, S 
Jti{C, vcii) and / G G m (?yc) with / = 1 mod max^m^}. 

(2) By Remark I3~TT31 and Lemma |4~TT41 LT(^#i, . . . ,jK n ) lies in LMFsp, and 
the reciprocity K- functor associated to ^#i , . . . , ^ n is defined by 

T(^i,...,^ n ) := E(LT(^j,..., 

where £ is the functor from Proposition 13. 1 .41 

4.2.4. Theorem. Let i = 1, ...,n, be reciprocity functors. Then the func- 
tor T(„#i, . . . ,^ n ) defined above is a reciprocity functor and the natural n-linear 
morphism of presheaves with transfers (in the sense of Definition \4- f~5\ l 

.#i x • ■ ■ x Jt n %■ Jt Y ® ■ ■ ■ ® JZ n -*• LT(^i, . . . , .#„) --> T(^#i, . . . , .#„) (4.5) 
«s an n-linear morphism of reciprocity functors denoted by 

t ; X • ■ ■ X X ~> T(Ji, . . . , XJi ( fl i7 • ■ ■ 7 a n) r(oi, . . . , a n ). (4.6) 
Furthermore, this gives a functor 

n 

Y\_ RF -> RF, (^i, . . . , T(^i, . . . , ^ n ), 

i=l 



K-GROUPS OF RECIPROCITY FUNCTORS 



47 



which represents the functor RF — > (R — mod) , JY H> n — LinRF(^i, ■ ■ ■ , •J&n'i ^") 
with t as the universal n-linear map; in particular 

n - Lin RF (^i, . . .,JC n ;jY) = Hom RF (T(^#i, . . . ,Jt n ),jY). 

Proof. First we prove that T(^i, . . . , ^#„) is a reciprocity functor, i.e. we have to 
show that for C G / S) a curve and [/cCa non-empty open subset any section 
a G T(^#i, . . . , ^ n )(U) admits a modulus whose support is equal to C \ U . First 
assume that a = a\ ® . . .®a n with ai G ^i(U^), where £ — > 77c* is a finite morphism 
and we denote by Cj the normalization of C in and by the pullback of U 
to C^. Since the .<#i's are reciprocity functors we find effective divisors on C 
with |rrii| = C\U, such that ai G ^i(C^, m^), where m,^ denotes the pullback of 
nii to C^. Then | maxi{rrii}| = C\U and we have to show 

up(/)Tr F/a;o sp(ai (g) . . . ® a„) = in T(^i, . . . ,jZ n ){xc), 

PSC\| maxi{nlj}| 

for all / £ G m (nc) with / = 1 mod maxi{rrii}. But by definition of Trp/ Xc and sp 
(see the construction of the pushforward and pullback in Lemma I4.1.2p , we have 
that the sum on the left-hand side equals 

PeC\|max,(mi}| P'£C ( X C P 

vp^f^sf, 1 ^)® ...®sfr(a n )), 

P'eC{\] max i {m i ,, : }| 

which is zero in LT(^#i, . . . , ^ n ){xc) by the relation (|4.4p we divide out; a fortiori 
it is zero in T(.-#i, . . . , ^ n ){xc)- Now a general section a G T(^#i, . . . , „#„)(£/) is 
Nisnevich locally a sum of elements ai ® • . • ® a n a s above and hence it admits a 
modulus with support equal to C \ U by Thcorcm ll.4.81 Thus T(..#i, . . . , .<#„) is a 
reciprocity functor. 

Next we claim that the n-linear morphism in PT (|4.5[) indeed induces an n-linear 
morphism of reciprocity functors r. We have to check that (L3) holds. For this 
take effective divisors m; on C and elements G .-#j(C, m^). As we saw above this 
gives in . . .,j# rl ){x c ) 

Y {T{ai,...,a n ),f) Q = 

QS| max; {mi} I 

Y v Q{f)^Q/x c SQ{T{a u ...,a n )) ={) 

QeC\\ maxi{mi} 

for all / = 1 mod maxi{rrii}. Hence 

r(ai, . . . ,a n ) G T(^fi, . . . , Ji n ){C, maxfrnj). 

By Remark gXH this gives (L3). 

The n-linear map (|4.6[) induces a natural transformation of functors RF — > 
(R — mod) 

Hom RF (T(.-#i, . . . J? n ), -) -> n - Lin(^i, . . . , ^f n ; -) 

and we claim, that it is in fact an isomorphism of functors. For this it suffices 
to show that it is an isomorphism of i?-modulcs when evaluated at any jV G 
RF. The injectivity follows immediately from the fact that for a regular connected 
scheme X G Reg^ 1 any element in T(„#i, . . . , ^#„)(X) can be written as a sum of 
elements of the form Tt:y/x{t{<ii, • ■ ■ , a n )), where Y —t X is a finite flat morphism 
in RegCon^ 1 and a.; G Jli{Y). For the surjectivity let <I> : M\ x • • • x M n — > 3? 
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be an n-linear morphism between reciprocity functors. Then the corresponding n- 
linear map on the underlying prcshcaves with transfers factors over ® ■ ■ -®j^( n . 
Furthermore since <J> satisfies (L3) we get 

<J>((E3))= £ v Q (f)Tr Q/xc s%($( ai ,...,a n ))=0. 

Q£C\\ maxifrrii} 

Thus <& factors over LT(^i, . . . , ^#„) and we obtain a morphism of lax Mackey 
functors with specialization map LT(^i, . . . , ^#„) — > £P . The left adjoint property 
of £ hence gives a morphism in RF 

T(^i, . . . , J( n ) = E(LT(.#! , . . .,.<#„)) -> 

This finishes the proof. □ 

4.2.5. Corollary. Lei £ = 1, . . . ,n, be reciprocity functors. 

(1) For all 1 ^ i < j ^ n we have a functorial isomorphism 
T(^#i, . . . , . . . , . . . , — T(^#l, . . . , . . . , . . . , 

(2) For all 1 ^ i ^ n we /iai>e a functorial isomorphism 

T(y#i , ...,.#i©.^',..., .#„) 

= T(.^ , ...,Jd.. .,J£ n ) ©T(^#i, ...,Jt[.. .,.<#„). 
(^J There is a functorial map 

T(.#i,.# 2 ,.#3) > T(T(^i,^ 2 ),^3), 

which is surjective as a map of Nisnevich sheaves (i.e. it is a strict epi- 
morphism in RF, see Lemma \3.2.8\) . 

Proof. (1) and (2) follow immediately from the universal property. The existence 
of the map in (3) follows from the universal property and the natural map 

BUrf (T(„#i , ^2 ) , -#3 ; ^) -> 3 — Lin RF {Jt\ , Jti , Jt-$\ Jf) . 

The surjectivity statement follows from the fact that both sides are quotients of 

4.2.6. Remark. We don't know whether the map in (3) above is an isomomorphism 
(maybe one has to impose further conditions on the ^is). Thus we don't know 
whether T is associative, and we cannot call it a tensor product. 

4.2.7. Corollary. Let . . . , be reciprocity functors and let N be an R-module 
viewed as a constant reciprocity functor. Then we have a functorial isomorphism 
of reciprocity functors 

T(.# x , . . .,,#„, N) S(T(^i, . . . , ® N), 

where (g> on i/ie right hand side is the tensor product in PT (see Example \4-1.7]) . 
In particular, T(^#i, . . . , i?) = T(.^\, . . . , ^#„) and /or R-modules iV, we /lave 
T(JVi,...,JV n )=JVi(8fl...<8)fliV n . 

Proof. It suffices to show that (in the notation of Definition I4.2.3P we have 

LT(.-#! , . . . , jg n , N) = T(.#i, . . . , <g> TV, 
which is clear since (|4.4p is already zero on the right hand side. □ 

4.2.8. Corollary. For ^K\, . . . , S RF„ (see Definitions \1.5. 71 for the notation), 
we have T(^#l, . . . , ^K n ) £ RF„, i.e. T restricts to a functor 



T:J]RF n ^RF I 
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Proof. Let C £ i^o '/ 'S) be a curve and mi, ... , m„ effective divisors on it. Then by 
(L3) the n-linear map r induces a map 

M\ (C, mi ) x ... x ^ n (C,m n ) -> T(^#i, . . . , ^#„)(C, max{mi, . . . ,m„}). 

Now the statement follows from Proposition 11.4.51 (3) and the fact that any el- 
ement in T(./#i, . . . ,~¥?n){vc) can be written as a sum of elements of the form 
Tr nD / nc (t(oi, . . • , a,,)), with D — > C a finite and flat map in / S) and 6 
J?i(r) D ). □ 

4.2.9. Corollary. Let ^#i, . . . , „#„_i 6e reciprocity functors. Then 

T(^i,...,^„_i,-) : RF -> RF 

zs rig/it exact in the sense of \3.2.2[ 

Proof. We write = . . . ,^#„_i). Let 

-)• -> ./f -> ./K" -> 

be a short exact sequence in RF (in the sense of 13.2. 2 [I . Then we have to show 

Coker RF (T(^,.yK') -> T{^_,jV)) S T(^,^'"). 

But since ^K" = CokcrRj^^' — > ^) can be described as in Remark 13.2.101 it is 
easy to check that for all £ RF we have an exact sequence of i?-modulcs 

n - LinQ#, Jf"\ &>)^n- Lin(.#, -> n - Lin(^£, JV'\ &>). 

Thus using the universal property of T we see that the natural map T(„4( , ) — >• 
T(^#, c/K") satisfies the universal property of the cokernel. Hence the statement. 

□ 

4.2.10. Remark. Let F c F' be a finite extension of perfect fields, giving rise to a 
map S" = SpecF' — > S = SpccF. In the following we indicate by a label S or S' 
with respect to which base we are working. We get a natural functor Reg^Corg' — > 
Reg^ 1 Cor5, which induces a functor RF5 — > RF5/. Thus given -#1, . . . , *M n £ 
RFs we can view the n-linear map r : ^\ x . . . x — >• Ts(^i, . . . , as an 
n-linear map of reciprocity functors over S' and hence we get a map 

T s - {Jt\ -» T S (.#| M n ), T S ,{m)^ T S {m) in RF SS 

which is automatically surjective since both sides are quotients of ^#1 ® . . . ® ^#„. 

4.2.11. Notation. Let and ^ be two reciprocity functors. Then we will use the 
following notation (and variants of it) 

T(^,.yr xn ) := T(^, ^,. 

n-times 

5. Computations 

5.1. Relation with homotopy invariant Nisnevich sheaves with transfers. 
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5.1.1. Tensor product for presheaves with transfers. By |35l 3.2] the Abelian cat- 
egory PST (see 12.3.1]) has a monoidal structure extending the one on SmCor via 
the Yoneda embedding. By [53] §2] it is given by the following formula: Let & and 
$ be two presheaves with transfers, then & £2>pst ^ is the presheaf with transfers 
which on X £ SmCor is given by 

(«^®PST^)(X) = J(7)® z ^)® z Cor(X,rxZ)/A, (5.1) 

Y,ZeSm 

where Sm is the category of smooth S'-schemes and A is the subgroup generated 
by elements of the following form 

(f>®tp®{fxidz)oh-f*((l>)®'tp®h, (5.2) 
where £ &(Y), ip £ Sf (Z), f £ Cor(F', F), h £ Cor(A, Y' x Z), and 

<f> <g> tj) ® (idy x g) o h - (j> <g> g* (ip) ® h, (5.3) 
where 4> £ &(Y), i/> £ Sf(Z), g £ Cor(Z',Z), h £ Cor(A,F x Z'). 

5.1.2. The categories HI, NST and HlNis inherit symmetric monoidal structures 
defined respectively by: 

F ® NST G := (F ®p ST G) Nis , F <g> H i G := /i (F ® PST G), 

F ®Hi Nis G:=^ is (F®p ST G), 
where ho ■ PST — > HI is the left adjoint of the forgetful functor HI -> PST (see 
12.3. 1[) and /i^ ls is the composition of ho with the sheafification functor. 

5.1.3. Proposition. Let J?, Sf £ PST &e iwo presheaves with transfers. There 
exists a canonical and functorial isomorphism in PT 

where (— J" : PST — > PT is ifte functor from Proposition \2.3.4\ arid the tensor 
product on the right hand side is the one defiend in \4-l.l\ 

Proof. Let us first construct a morphism 

: ®pst £ ® $ in PT - 

Let A be a scheme in Reg 5 * 1 . Given a model U £ 9Jlx of A, we define a map 

Ox,u- i^(F) ® z Sf(Z) <X> Z Cor(t/, F x Z) -> ®<£){X) (5.4) 

as follows: For a £ J*"(F) ® Sf (Z) with F, Z £ Sm and [IF] £ Cor (17, F x Z) 
an elementary correspondence, take an open subset U' C U which is a model of 
X and such that the normalization W' of the pullback of W along U' is smooth 
(this is possible since the image of X in U is contained is the locus of at most 
1-codimensional points); then we define 

e X ,u(a®[W]) ■= class of {j>* w , Y ®p* w , <z ){a) in (#®Sf)(X), 

where p^, Y : IF — > F and p^, z : IF — >■ Z are induced by projection. Clearly this 
element is independent of the choice of U' and we thus obtain a well-defined map 
(|5.4p . We claim that 9x,u factors to give a map (again denoted by 0x,u) 

Ox,u ■ {& ®pst &){U) -> (# ® Sf)(X). 

For this we have to show that 9x,u sends the elements (15. 2[) and (|5 . 3|) to zero. Notice 
that wc can assume that the correspondences /, g, h appearing in these formulas 
are elementary. So take F, F', Z £ Sm and <f> £ J^"(F), tp £ £f(Z) and elementary 
correspondences / £ Cor(F',F), h £ Cor ({7, F' x Z) as in (|5.2|) . After replacing 
L7 with a smaller model of X, we can assume that h - the normalization of h - is 
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smooth and further that the normalizations of all irreducible components of the 
scheme-theoretic intersection of 

J := (h x Y x Z) n (U x (/ x idz)) 

inside U xY' x Z xY x Z are smooth as well as the normalization of their (reduced) 
images in U x Y x Z. (We can do this since all this schemes are finite and surjective 
over U.) For an irreducible component T of I set 

S T =PuYz(TUd dUxYxZ 

and denote by g?t := [T : St] the degree of T over St and by tit the intersection 
number of T inside I. Thus 

[hxY xZ]-[U x(f x id z )] = nT P1 

TCI 

and by definition 

(/ x id z ) oh=J2n T -d T - [S T ] G Cor(J7, Y x Z). 

TCI 

We introduce some more notations using the following commutative diagram in 
which all maps are the natural once (induced by composition of embeddings, pro- 
jections and normalization): 



PS,Z 




Thus we get in (J?" ® Sf)(X) (where 'p.f.' refers to the projection formula coming 
from the definition of 31 in 14.1.10 

Ox,u(<t> ® ip ® (/ x id y ) o h) = n T • d T ■ (p*s,Y<l>®Ps,z' t l')> b y dcf - of 

TCI 

= X] nT ' ^t^tPs^) ®P*s.z^ 

TCI 

= X!"i" pt,y<I> ® PT.hPh.zi'i b y p- f - and (E3 

TCI 

= X n T ■ PTMPT,Y<i> ® p*h,zi>i b y P- f - 

TCJ 

Now observe, that we have a canonical isomorphism 

i" = (h X Y x Z) x UxY 'xZxYxz (U x f x id z ) = h x Y > f. 

Furthermore, the map h Xyi f —> h Xy f is an isomorphism over an open and dense 
subset of h and thus induces finite birational maps T' — > T between the irreducible 
components; hence their normalizations are equal, T' = T. For T' an irreducible 
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component of ft Xy / denote by St' its reduced image (via projection) in ft x Y 
and by St' its normalization. We obtain a commutative diagram 




Further if T is an irreducible component in / with intersection multiplicity tit and 
T' is the corresponding irreducible component in ft Xy f, then (we denote by t\t 
the generic point of T and by abuse of notation also its image in the various other 
schemes appearing) 

n T = ]T(-iyig (Torf y '* z ''< (^,., 0f xSdgtVT )) 
= ^(-l)Hg(T rf y '*"''(^ >f; . i . ! ^,.)), 
which is the intersection number of T" in ft Xy /. Thus 

TCI 

We get 

Ox,v(<f> ® ^ ® (/ x idy) o ft) = ^ n T ■ pt.mPt^^ ® Pfc.zV' 

TCJ 

= ^ n T ■ degpT ■ Ps T , .h*P*s T , ,y<P ® Ph.zi-' 

TCI 

= Ph,Y'f*<P®Ph,Z^ 

= O x ,u(f*(/>®?P®h). 

Hence fly rr f (|5.2p ) = and similarly one checks fly n ( (|5.3p ) = 0. We thus obtain a 
well-defined map 

0Jt : (^ ®pst ^TPO -> ® (5.6) 
It is straightforward to check that the flx, X 6 Reg^ , induce a morphism of 
presheaves with transfers on Reg^ 1 

: (^ ®pst (#®Sf), 

which clearly is functorial in & and ^. Thus it remains to show that (|5.6|) is an 
isomorphism for all X. We will give the inverse map. Let X be in RcgCon^ 1 and 
define a map 

v x : #pf) x W(X) -> (F ®pst sfjpo 

as follows. For (a, b) in &(X) x ^(X) take a model {/ G 9Jlx so that there are 
elements a € &{U) and & G ^(C/) representing a and ft respectively. Then define 

v x (a, b) := class of a <g) 6 <8> [T^] in (^ ® PS t ^JP0> 

where Jj/ : {/ — >• {/ x U is the diagonal morphism and [F^] e Cor(C7, U x U) is its 
graph. Clearly fx does not depend on the choice of U or of the representatives a 
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and b. Varying X we claim that the vx 's define a bilinear map of presheaves with 
transfers on Reg^ 1 (see Definition I4.1.5P 

v : # x ( J 5 " ®pst (5.7) 
Indeed the property (LI) follows immediately from 

Sjj o if = (ip X ip) o 5y = {f X id;/) o (idy X </?) o 5y 

for each map ^ : V — ► {/ in Sm. The property (L2) follows from the following 
equality in (JF ®pst &)(U) which holds for all finite maps (p : V — > U in Sm 
and all a € «^(V) and 6 G ^([/) (we denote by T v the graph of and by its 
transpose) : 

(<p*a) ® 6 ® [r 5[/ ] = ([r^]*a) ® 6 ® [T^] 

= a ® 6 ® (([P^] X idir) o [T Su ]), bylEll), 
= a® 6® ((idy x \T V ]) o [Tj v ] o [rj,]) 

= a®^&®([r 5y ]o[ry), by(E31). 

Thus ^ is a bilinear map of presheaves with transfers on Reg^ 1 and hence induces 
a morphism presheaves with transfers on Rcg^ 1 (also denoted by v) 

i/ : #®S#-> (J^PST^P 

It is immediate that 9 o v = id. The equality v o = id follows from the following 
equality in (<F ® PS t which holds for all Y, Z G Sm and all a G &(Y), 

b G and all elementary correspondences [W] G Cor(£7, X x Y") such that W 

is smooth (where we denote by pu, Px and py the maps induced by the respective 
projections from W): 

p* Y a ® ^6 ® ([r,„„] o [r* J) = a ® ® (([T py ] x id*) o [T^] o [r* J) 

= a ® 6® ((idy x v pz ) o ([r pv ] x id*) ° [r^.] o [r* J) 

= a®b® [W]. 

This finishes the proof. □ 

5.1.4. Definition. Let ^ G LMFsp be a lax Mackey functor with specialization 
map and x an S'-point. One defines the i?-modulc K sco (x;^) as the quotient in 
the category of i?-modules of ^(x) by the submodule generated by the elements 

Vp (f) ' Tl 'P/x{sf(a)) 

Peu 

where C 6 (^/S) is a curve of finite type over x, U C C is an open subset, 
/ 6 <& m {r)c) with / G U [ p \ for all P G C \ U, and a G J({U). 

Note that this kind of quotient was already considered in [TBI 6-1 Definition]. By 
construction we have canonical surjections 

Ji{x) -» K sco (x;^) -» L gi (^)(x) -» Qi{JK){x). 

5.1.5. Let G PST be a presheaf with transfers. Applying the functor from 
Proposition 12 . 3 .41 to the canonical morphism of presheaves with transfers a : ,^ — > 
h^ ls (^) provides a morphism 

a : hf%^) 
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in LMFsp. By Proposition 12.3.51 the right hand side is a reciprocity functor 
that lies in RFi, therefore using the adjunction from Lemma 13.3.11 we obtain 
a morphism of reciprocity functors 

a" : gi(J?) -> hf%^). (5.8) 

The following proposition may be seen as a generalization of |16l 6.5 Proposition]. 

5.1.6. Proposition. Let J£" 6 PST be a presheaf with transfers. Then the mor- 
phism \5.8\) is an isomorphism of reciprocity functors. Moreover for any S-point 
x, the morphisms 

K gco (x;#) -» Qi{£){x) ^ hf%P)(x), 

where K geo (a;; JF) is the Z-module defined in \5.1.4\ are isomorphisms. 

Proof. Since a : & — > h^ ls {,^) is a surjection on Nisncvich stalks, so is a. Further 
by the construction of g± in Lemma 13.3.11 there is a natural map & — \ Qi(^) 
whose composition with a" is the map a. Thus a" is a surjection of Nisnevich 
sheaves. By the conditions (Inj) and (F.P.) which a reciprocity functor satisfies 
it suffices to check the injectivity on iS-points. Thus it suffices to show that the 
surjective composition from the statement 

b : K gco (a;;#) -» hf%^){x) 

is injective. Notice that for an S'-point x the Z-module /i^ IS (J^")(a;) is just the 
generic stalk of h^ is (^) viewed as a Nisnevich on some model of x; in particular 



h™ is (^)(x) = h (^)(x) = Coker 



,^ rl (Al)^^(x) 



But now consider on the modulus m = {oo} and the rational function / = S 
K(x)(t) x which is congruent to one modulo m. Given a £ J^jpi (A*), we have 

il{a)-i\{a) = £ v P (f)Tr P/x (s*(a)) 
PeAl 

in &(x) and by definition this element vanishes in K geo (a;; J£"). Thus the natural 

surjection &(x) —> K seo (x; ^) factors via h^ ls {,^)(x) and gives an inverse of b. 
This proves the statement. □ 

5.1.7. Lemma. Let J^i, . . . , J£"„ £ HlNis- Then 

qi{A ® • • • ® #„) = T(J#i, • • • , #„) m RFl 

Proo/. By Corollary \£%M T(#i, . . . , =#„) £ RFi. Thus applying £>i to the natural 
map J^i (8) ... (g) J? n — J> T(j^i, . . . , J^" ra ) gives a canonical map 

A) ->T(.#i,-" .•£»)• (5.9) 

On the other hand we have a natural n-linear map of presheaves with transfers on 
Reg^ 1 

=#! X . . . X #„ -> gi(#i (g) • • • <g> #„), 

which automatically satisfies (L3) (see Definition 14.2. ip . since the right hand side 
is in RFi. Thus it is an n-linear map of reciprocity functors and hence induces an 
inverse to (15.911. □ 
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5.1.8. Theorem. Let j^i, . . . , 6 HInis be homotopy invariant Nisnevich sheaves 
with transfers. There exists a canonical and functorial isomorphism of reciprocity 
functors 

T(A, ...,#„) A (&l ®HI Nia • ■ • ®HI Ni3 &nT- (5.10) 

Moreover for any S-point x the canonical morphism 

K sco (x, #i®...0#„)4 A)(x) 

is an isomorphism. 

Proof. Let & := ® PS t • • ■ ®pst and a : & -± h^ s {,^) be the canonical 
morphism of prcsheaves with transfers. By Proposition 15 . 1 .51 we have a canonical 
and functorial isomorphism in LMFsp 

A ® • ■ • ® #„ A 

Thus by Proposition 15 . 1 .51 we get an isomorphism of reciprocity functors 

ei (A ® • • • is A) ^ ei(^) ^ [CW- 

Since h^ ls {J^) = &\ ®Hi NiB • ■ ■ ®Hi NlB <^n by definition the first statement follows 
from Lemma 15.1.71 The second part of the statement is an immediate consequence 
of Proposition 15.1.61 and Lemma 15.1.71 □ 

Using the main result of [TFJ we get: 

5.1.9. Corollary. Let . . . be homotopy invariant Nisnevich sheaves with 
transfers on Smg with S = Spec F the spectrum of a perfect field. Denote by 

K(F,^i,...,^n) 

the K -group defined in [161 Def. 5.1] (in particular if the ^i's are semi-Abelian 
varieties, it coincides with Somekawa's K -group defined in [321 1.]). Then there is 
an isomorphism 

T(S, #i , . . . , ,#„) = K(F,^i, . . . ,J? n )- 

Proof. This follows from Theorem 15X51 together with the fact that K gco (S',#i ® 
. . . ® &n) coincides by its very definition with the K-group of geometric type 
K'(F,& U ...,& n ) defined in [IS Def. 6.1] and which by [H Thm 6.2 ] and [IS 
Thm. 11.12] is isomorphic to K(F, & n ). □ 

5.2. Applications. 

5.2.1. We now relate, as in [25], the K-groups of some reciprocity functors asso- 
ciated to homotopy invariant Nisnevich sheaves with transfers to Horn groups in 
V. Voevodsky's triangulated category of effective motivic complexes DM?. The 
main result is Theorem [5X51 Recall that DM? is the full triangulated subcate- 
gory of the derived category D~ (NST) formed by the complexes whose cohomology 
sheaves are homotopy invariant. If ^ G DM'l and X is a smooth scheme of finite 
type over S, then the conjunction of [23 Proposition 3.1.9] and Proposition 
3.2.3] implies that 

Kom DMeS (M(X),tf\i]) ~ U^ is (X,tf) (5.11) 

where M(X) := C*{L(X)) is the motive of X in DM? (here as usual C* is the 
Suslin complex i.e. the AMocalization functor and L(X) is the sheaf with transfers 
represented by X). For any ^ € DM!, we have 

colim MtjU,^) ~ Wmtx). (5.12) 

/7e<n? op 
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where H° : D (NST) — > NST is the cohomological functor associated to the usual 

t-structure. (Since H ^ )(x) is just the generic stalk of H (^) viewed as a Nisnevich 
sheaf on some model of x.) 

5.2.2. Let us denote by <8>dm the tensor product in the category DM? defined 
by 

where — <g> L — is the derived tensor product on D~(NST) defined using "free res- 
olutions" as in [331 §2]- In particular if &i,...,& n are Nisnevich sheaves with 
transfers, then unfolding the definitions we get 

H°(C*(^i) 8DM • • ■ ®DM C m {& n )) = H°(a(C*(^i) ® L ■■■ ® L C(^n))) 

= C(C(-*i) ®NST • ■ • ®NST CW) 
= C S (^l) ®HI NiB • ■ • ®HI Nis hf s {^ n ). 

(5.13) 

In the sequel we use the following notations 

M(X) := M C (X) := C*(L C (X)) 

and 

/^ S (X) := H°(C4L(X))), h^ c (X) := H°(a(L c (X))), 

where L C (X) is the presheaf with transfers such that L C (X)(Y), for Y G Sm, is the 
free Abelian group generated by the closed integral subschemes of Y x X that are 
quasi-finite and dominate an irreducible component of Y (see [3SJ §4.1]). 

5.2.3. Corollary. Let X±, . . . , X n be smooth schemes of finite type over S and r 
&e an integer. Set X := Xi x • • ■ x X n . Tften we have isomorphisms of reciprocity 
functors 

T(hf%X 1 ),...,hf%X n ),G^) = H°(M(X)(r)[r]f 
T(hf s '%X 1 ),...,h^ c (X n ),G*n - H°(M c (X)(r)[r]r. 
In particular by (|5.11[) . (|5.12p we have for any S-point x and * G {0, c} 
T(hQ is '* (Xi), . . .,hf s '*(X n ),G^ r )(x) = cohm Hon W « (M(C/), M*(X)(r)[r]). 

Proof. Since G m ~ Z(l)[l] in DM c _ ff , we have in DM c _ ff (see [33 Proposition 4.1.7]) 

M*{X){r)[r] S M*(Xi) (E>dm ■ ■ ■ ®dm M*(X n ) 8dm G® r , 
with * G {c, 0}. Thus by (jSTTS")) we get 

H°(M*(X)(r)[r]r = (hf s '*(X 1 ) ® H i Ni3 • ■ ■ ®Hi Nis C' W ®Hi NiB G«T- 
Hence the corollary follows from Theorem l5.1.81 □ 

5.2.4. Lemma. (1) Assume X is a smooth projective S -scheme. Then for all 

r we have an isomorphism of reciprocity functors 

H°(M(X)(r)[r]f =CT (X,r), 

where ^Hq (X, r) is the reciprocity functor defined in \2.4-7\ 
(2) Assume X is smooth and quasi-projective and that S admits resolution of 
singularities. Then for all r we have an isomorphism of reciprocity 
functors 

H°(M c (X)(r)[r]f ^tfH (X,r). 
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Proof. We can assume that X has equidimension d. Let CH^t r (X, r) e HIni s be 
the homotopy invariant Nisnevich with transfers defined in 12.4.91 Then by (|2.9p 
it suffices to show that we have H°(M(X)(r)[r\) = CH^| s r (X, r) in the first case 
and H°(M c (X)(r)[r]) = CH^+ r (X,r) in the second case. Recall that the functor 
DM " -» DM, is fully faithful by the cancellation theorem, see [21]. Further, 
if X is smooth projective, the motive M(X) admits a dual in DM given by 
M(X)(-d)[-2d] (see e.g. [2TJ Part I; Chapter IV, 1.4.2 Theorem]). Thus by [H 
Corollary B.2] we have for X projective 

M(X){r)[r] = M(X) v (d + r)[2d + r] = Hom (Af (X), Z(d + r)[2d + r}) 

and by [351 Proof of Thm 4.3.7] 

M c (X)(r) [r] Hom (M(X), Z{d + r) [2d + r] ) 

in case S admits resolutions of singularities, where Horn is the partially defined 
internal Horn in DM* Therefore by the comparison between motivic cohomology 
and Higher Chow groups (see [2H1 Cor. 2]) we get isomorphisms 

Hom DM e a (M(J7),M*(X)(r)[r]) ~ Hom DM c S (M(U x X), Z(r + d)[r + 2d}) 

~CH rf+r (X xU,r), 

where * S {0, c} depending whether we are in the first or second case. Letting U 
vary we get an isomorphism of preshcaves with transfers, which when Nisnevich 
sheafificd gives the claimed isomorphisms. □ 

Thus we can rewrite Corollarv l5.2.3l as follows: 

5.2.5. Corollary. Let X\, . . . ,X n be smooth and quasi-projective schemes over S 
and r an integer. Assume that either the Xi 's are projective or S admits 
resolution of singularities. Then we have an isomorphism of reciprocity functors 

T^JJopfi), . . . ,VH Q (X n ),G%) = ^H {X 1 x ... x X n ,r). 

In particular for all S -points x we have 

,X ■ ■ ■ X-j; X n a;, TJ. 

5.2.6. Remark. (1) The above corollary should be compared to the results [5S1 

Thm 2.2] and [2J Thm. 6.1] (see also [H 12.3 - 12.5] for the case in which 
x is the spectrum of a perfect field). In particular in the projective case we 
get for all S-points x 

T(^ (Xi), . . .,<eH (X n ),G%) - K( K (x);^ (X 1 ), . . . ,VH (X n ),G* r ), 

where the K-group on the right is the Somekawa-type K-group defined by 
Raskind-Spiefi and Akhtar in [23 Def. 2.1.1] and [1 3.1]. 
(2) Identifying G m with c £ Hq(S, 1) one easily checks that the product structure 
on higher Chow groups induces a multi-linear map of reciprocity functors 
(in the sense of Definition 14. 2. 11 notice that the condition (L3) is automatic 
since we are in RFi) 

VH (Xi) x ... x VH (X n ) x G£ r -> tfHoiXx x . . . x X n , r). 

Hence we get a map from T(LHS) to the RHS and one can prove by hand 
that this is an isomorphism in a similar way as in [26] and [2] . 



o8 



FLORIAN IVORRA AND KAY RULLING 



5.3. Relation with Milnor K-theory. In the following we denote by G m and 
Kjf the Z-reciprocity functors over 5" defined in Example 12.4.61 

5.3.1. Proposition. Let J% be a Z-reciprocity junctor over S and x an S-point. 
For all n ^ I there exist a homomorphism of Abelian groups 

M (x) ®tl Kjf (x) -> T(J?, G^ n )(x), m <g> {oi, . . . , a n } i-> r(m, a x , . . . , a„). 

Proof. The proof is similar to the proof of [HI Prop. 5.9]. Write x = Spec A:. 
Clearly there is a natural morphism of Abelian groups 

J({x) ® (fc x )® z " -> T(^,G T ^")(z), to oi ® . . . ® a„ i-> t(to, ai, . . . ,a n ). 

Hence (using Corollarv l4.2.5l (1)) it sufhces to show that 

T(m,a,l-a,b) =0 in T(^, G x ")(:z;), (5.14) 

for all a,bi £ k \ {0, 1}, to £ ^(x) and 6 = (62, • ■ ■ , &n)- F° r this take c € k with 
c 3 = a, set L = k(c) and y = SpecL. Further, let /.t G fc be a third primitive root 
of 1, set E = L(n) and z = Specif. Denote by ip : z — > x the induced map. Notice 
that [E : k] divides 6. Define a rational function / on D A* = Specfc[i] 

f .= t l_^ e fc m 

J ' t 3 - (1 + a)t 2 + (1 + o)t - a W " 

Then in -E(i) we have 

. (t-c)(t-/i C )(t-/x 2 c) 
(t-a)(t + /i)(t + /i 2 ) 
Further, let it : P* — > z be the structure map, then by Remark 14.2.21 

rfrVm, tV*4) G T(^T, G x " )(P*, {0} + {1} + {00}). 

Since / = 1 mod {0} + {1} + {00} reciprocity yields in T{J?, G x ™)(z) 
0= ^ {T(Tr*<p*m,t,l -t,TT*(p*b),f) P 

= r(ip*m, c, 1 — c, ip*b) + T(ip*m, fic, 1 — /ic, 95*6) + r((p*m, ii 2 c, 1 — ^ 2 c, 
— r(iy9*TO, c 3 , 1 — c 3 , — T(ip*m, —fj,, 1 + /i, ip*b) — T(ip*m, — yU 2 , 1 + fi 2 ,ip*b). 
Multiplying this by 3 we obtain in T(„#, G x ")(z) 

= t(v?*to, c 3 , (1 - c)(l - /xc)(l - m 2 c), 99*6) - 3 ■ t(<^*to, c 3 , 1 - c 3 , 

- r(^*m, -1,(1 + M)(l + M 2 ), 
Since (1 — c)(l — /ic)(l — /i 2 c) = 1 — c 3 and (1 + /x)(l + /i 2 ) = 1 we obtain 

= 2- t((^*to, c 3 , 1 - c 3 , 99*6) = 2 • ^*t(to, a, 1 - a, 6) in T{J(, G x,l )(z). 
Applying ip* we get 

12 ■ r(m, a, 1- a, &) = in T(^,G*™)(x). 

This holds for all S-points x = Spec fc and all a, bi 6 fc \ {0, 1}, to S M(x). Thus 
the vanishing (|5. 14[) follows by exactly the same argument as in the proof of [2"2"1 
Lemma 5.8]. (Notice that there is a misprint and the first 1 — x in the displayed 
formula on page 32, line 13 should be replaced by 1 — y.) □ 

5.3.2. Proposition. The maps from Provosition 1 5. 3. 71 (with ^ = 7L) for x running 
through all S -points yield a morphism of Mackey functors 

<t : — > T(G*") in MF. 

In particular a(x) is a surjective homomorphism ofTL-modules for all S-points x. 
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Proof. The compatibility with pullback is clear. It remains to show that for a finite 
morphism ip : y = Spec L — > x = Spec k the pushforward ip* is compatible with a. 
This is really the same argument as in [25J Lemma 4.7]: Since both sides satisfy 
(MF1), (MF2) (see Remark HIP)) , the arguments from [3 I, (5.9)] reduce us to the 
case in which every finite extension of k has degree a power of a fixed prime I and 
hence can be written as a successive sequence of extensions of degree i. Thus by 
functoriality we can assume [L : k] = l\ hence K*f +1 (£) = Kjf(fc) ■ Kf (L) (by 
I, Cor. 5.3]) and the statement follows from the projection formula on both sides. 
The surjectivity statement follows immediately, since by definition (sec Definition 
14.2.31 and Theorem 14. 2. 4p any element in T(G^ ! n )(x) is a finite sum of elements of 
the form Tr y i x (T(ai, ■ ■ ■ , o, n )) for y/x finite and ai 6 G m (y). □ 

5.3.3. Theorem. For all n 1 the natural map 

$ : G*" -> K™, (ai, . . . , a„) ^ {a x , . . . , a„} 

is an n-linear map of reciprocity functors (in the sense of Definition \4 ■ lT7| ) and £/ie 
induced morphism 

T(G*")^>Kj? m MF 

is an isomorphism of Mackey functors whose inverse is given by the map a from 
Proposition \5.3.0\ above. Moreover if the base field F is infinite, then the above is 
an isomorphism of reciprocity functors. 

Proof. Clearly $ is an n-linear morphism of Mackey functors (Definition 14.1.5]) . 
Since Kjf G RFi the condition (L3) in Definition 14.2.11 is automatically satisfied. 
Thus we obtain a morphism -0 : T(G^™) — > Kjf in RF. Now er is surjective and 
obviously we have ip o a = id, hence it is an isomorphism in MF. Notice that by 
(Inj) ip is an isomorphism in RF if it is surjective on Nisncvich stalks. But by [SI 
Prop. 4.3] (see also [8]) K^(&c,p) —> ^n,C,p is surjective if F is infinite, where 
^n,c,p is defined in Example 12.4.61 This gives the second statement. □ 

5.3.4. Remark. (1) In the same way one can prove 

Kjf ~ T(K™ , . . . , Kj£) for all n = m + . . . + n r , r > 1. 

(2) Combining Theorem 15.3 . 31 and Corollarv l5.2.5l we get the Nesterenko-Suslin 
isomorphism [25j . i.e. 

K™(x) = CH n (x, n) for all ^-points x. 

5.4. Relation with Kahler differentials. In the following we denote simply by 
G a , G m and 0™ the Z-reciprocity functors over S defined in section 2. Recall 
S = Spec F with F a perfect field. 

5.4.1. Lemma. Let i = 1, . . . ,n, be 'L-reciprocity functors. Then for any S- 
point x = Spec k the natural F -vector space structure on fc®z-#i(x)<8>z. . .®z^#„(j;) 
extends naturally to T(G a ,^#i, . . . ,^ n ){x). 

Proof. An element A £ F induces a morphism A : G a — > G a of reciprocity functors 
over S. We obtain a morphism A (g) id : T(G a ,^i, . . . , — > T(G a , . . . , ^#„) 
of reciprocity functors over S and it is straightforward to check that this induces 
the looked for module structure T(G a , . . . , „# n )(x). □ 

5.4.2. Remark. It is not clear that in the situation above, the natural fc-vector space 
structure on the Z-module k <g>z ^#i(x) <E)z ■ ■ ■ ®z ^n(x) extends to the Z-module 
T(G a ,.#i, . . . ,^ n )(x). 
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5.4.3. Lemma. Let x = Specfc be an S -point and let be the zero point in the 
affine line A 1 = Specfc[i] C P 1 . Then for any f £ k(t) x and a,6i, . . . ,6„_i £ k x 
we have 

(r(a*, t, h, . . . , &„_!), /) = tn T(G a ,G^ n )(x). 

Proof. We have 

at e G a (P\ 2 • {oo}), i £ G m (P 1 , {0} + {oo}) 

and 

6=(6i,...,6 n _i)eG^(P 1 ). 
Hence r(at,t,b) e T(G , G*")(P\ {0} + 2 • {oo}) and 

(T(at,t,b),f) = (T(at,t,b),f )o + (r(ot,t, 6), /o)oo 

= - X] u p(/o)Tr P/;E sp(T(at, £,&)), 
psp 1 \{o,oo} 

for all /o G k(t) x with 

f/foeU^ and / £[/£?. (5.15) 
Wc distinguish 3 cases. (In the calculation we use Lemma 15.4.11 without mentioning 

i. case: / € Q . In this case /o := * a— i satisfies (|5.15|) . Let a 6 fe be 
a root of t 2 — /(0) and tp : y = Specfc(ct) — > a; the induced map. First assume 
char(fc) ^ 2. Then we have in T(G Q , G*")(y) 

<p*(T(at,t,b), f)o = -r(fla, a, 6) — r(— ace, —a,b) 
+ r(o, 1,6) +r(-a, -1,6) 

= t(— aa, a, 6) + r(— aa, — ,6) 
= t(— aa, — 1, 6) = 0. 

Since <p has degree 1 or 2, property (MF2) implies that (r(ot, i,6),/)o is zero in 
T(G a ,G* n )(;r). If char(fc) = 2 wc obtain 

(T(at,t,b)J) = -2-Tr 1//x (r(aa,a,6))+2-r(a,l,6) = 0. 

U. case: / = t. In this case /o := ^r^H satisfies f)5 . 15[) . Let a £ fc be a 
third primitive root of 1 and ?/ = Specfc(a) —¥ x the induced map. Assume first 
char(fc) ^ 3 and y has degree 2 over x. Then wc have in T(G a , G^ n )(x) 

(r(ai, i,6),/) = -r(-o, -1,6) + Tr y/:E (r(aa, a, 6)) = Tr y/!E (ir(oa, 1, 6)) = 0. 

If the degree of y over x is 1, then 

(r(at,t,b), f)o = — r(— a, —1,6) + r(aa, a, 6) + r(oa 2 , a 2 , 6) = 0. 

If char(fc) = 3, then 

(r(ot, t, 6), /) = -r(-a, -1, 6) + 2 • r(a, 1, 6) = 0. 

5. case: / £ fc(t) x arbitrary. Write / = t n u with u £ Q and conclude with 
the first two cases. □ 

5.4.4. Proposition. Let x = Spec A: 6e an S -point. For all n ^ 1 there exists a 
homomorphism of F -vector spaces (see Lemma \5.4-lty 

0(x):Sl2^T(G a ,G* n )(x), a^p- ■ ■ ■ ^ ^ r(a, &i, . . . , 6„). 

Ol On 
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Proof. By [5l Lemma (4.2)] (straightforward to check!) the kernel of the surjective 
map 

k ®z (k x f n -> fi£, a ® (h ® . . . ® 6 n ) h> o^- ■ • ~ 

is the subgroup of k <X>z (k x )® n generated by elements of the following form 

a ® bi ® . . . g> 6„, with &j = for some 1 ^ i < j ^ n, (5.16) 

and 

r s 

\cli ® ai®b\® . . .® b n -i - ^ Aa- ® g> &i ® . . . ® 6 n -ii (5-17) 

i=l i=l 

where A,ai,a^ G fc x with X)I=i a i ~ ^2i=i a 'i- Thus it suffices to check, that the 
natural map 

k® z (k x )® n ^T(G a ,G* n )(x), a®b 1 ®...®b n *+T(a,b 1 ,---,K) 

maps the elements f 1 5 . 1 (j |) and (|5.17|) to 0. By Proposition l5.3.lK with jtft = G a ) this 
map factors over k ®z K„ (fc), which shows (using also Lemma 15.4. 1|) that (|5.16|) is 
mapped to zero. Now take A, a^a'^bi G fc x as in (|5.17[) and write for the zero 
point in the affinc line A 1 = Specfc[<] C P 1 . Wc get 

T(M,t,b) GT(G Q ,<G*")(P\0 + 2-oo). (5.18) 

Set 

f ._ t s W=i(t-ai) 

t r UU (*-<•)' 

Since J2l=i a i = J2t=i a 'i we have / = 1 m °d 2 • oo. Thus (r(Xt, t, 6), /)oq = 0. 
Further (t(A£, £, 6), /)o = by Lemma f5. 4.31 Hence 

0=^(t(AM,6),/)f= X! WAt,t,6),/)p 
pep 1 PeP 1 \{o,oo} 

r s 

= T (^a i ,a l ,b) - ^2 T (^ a 'i, a 'i,h)- 

i=l i=l 

This yields the statement. □ 

5.4.5. Corollary. Let X be in RcgCon^ 1 with generic point rj. Then the morphism 
0(rj) from above induces a map 

6(X)-M n (X)^T(G a ,G* n )(X). 

Proof. Since any reciprocity functor ^ is in particular a Zariski sheaf on X and 
we have inclusions ^{X) C ^(rj), it suffices to check that 9{rf) sends Q,\ p to 
T(G a , G^")i,p for all closed points P G X. But this follows immediately from the 
fact that any element in QJ- P is a sum of elements of the form a^- ■ ■ ■ with 
a G G x ,p and b t G 6^ P . □ 

5.4.6. Proposition. The maps 6{X) from Corollary \ 5.4- 5\ for X running through 
RcgCon^ 1 yield a morphism of reciprocity functors 

9 : OP 1 — > T(G a ,G^ 1 ) in RF. 

In particular 9 is a surjective homomorphism of Nisnevich sheaves. 

Proof. The compatibility of 9 with pullbacks is immediate. It suffices to check the 
compatibility with pushforward on S'-points and to consider the two cases in which 
y = Spec L — > x = Spec k is either separable or purely inseparable of degree p. In 



62 



FLORIAN IVORRA AND KAY RULLING 



the separable case, we can write any element in fij = L ® as a finite sum of 
elements of the form 

a — - ■ • • — — , with a £ L and bi £ k. 

Thus the compatibility with the trace follows since both sides satisfy the projection 
formula. In the purely inseparable case we write L = k[c] with c p = a £ k, where 
p = char(fc) > 0. We can write any element in f2£ as a sum of elements of the 
following form 

AcJ'^-...^, withOO'O-l.A.fe.-e* (5.19) 

and 

AcJ-^-.-.^i, mthl^j^p,\,bi ek. (5.20) 
c bi 6„_i 

The compatibility with the trace for the elements (|5.19[) again follows from the 
projection formula (in fact the trace is zero in this case). The compatibility for the 
elements (|5.20j) in the case j = p follows from the projection formula on both sides 
together with (Tr7) in l2.5.1l (since c v £ k). Further, by [201 Ex. 16.6] we have 

IWfc^-iT ■ ' ' = °' for a11 1 < 3 < P ~ I- 

c &i 6„_i 

Thus it remains to show that Tr £ , /fc (r(Ac J ', c, 6)) = in T(G OJ G*")(:r) for 1 < j < 
p — 1. For this we view y = V(t p — a) C A 1 = Spec/c[i] £ P 1 as a closed point. 
Then for 1 ^ j ^ p — 1 reciprocity yields 

■&L/fc(T(Ac* >C ,S)) = -(r(AiV,6),i p - a) - (r(At J ,t,6),iP - a)^ (5.21) 
= -i(r(At J ,t : ',6),t p - o) - j(r(Xt j ,t j ,b),t p ~ a)^. (5.22) 

Now let 7r : P 1 — >• P 1 be the x-morphism induced by — >■ k[t], t >-> t' J . Then by 
Proposition 1 1 . 5 . 51 2. and Lemma T5. 4. 31 we have 

{r(\t j ,t j ,b),t p - a) = (r(Af, <,&),*■.(*" - «))o = 0. 
For the same reason also 

(r(A^>,6),^) = (r(Ai,t,6) ) 7r as (^)) = 0. 
Hence by reciprocity also 

(T(\V,V,b),tP)oo=0. 

We obtain 

Tr i/fe (T(AcV,6)) - -I^AiV^),^^ 

which is zero since r(Xt j ,t j ,b) £ T(G Q , G* n )(P\ 0+ (j + 1) • {oo}) and £=2 £ E/^. 

Hence 6* is a morphism of reciprocity functors. Finally, for X £ RegCon^ 1 and 
P E X closed any element in T(G a , G^")^- P (the Nisnevich stalk on X in P) is 
a finite sum of elements of the form Try/x( r ( a ; b%, . . . , b n )), with ir : Y — > X in 
RegConip, a £ / k*{&y)p and bi £ ir*(&Y) P by definition (sec Definition 14.2.31 and 
Theorem 14. 2. 4[) . Thus the surjectivity statement follows immediately. □ 

5.4.7. Theorem. Assume F has characteristic zero. Then the map 

6-.n n ^>T(G ,G*«) 

from Proposition \5.4-b\ is an isomorphism of reciprocity functors. 

Before we prove the theorem we need the following Lemma. 
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5.4.8. Lemma. Assume F has characteristic zero. Then for all C G / S), P G C 
and r ^ 1 

Fil^G a (?7c) = {a G n{r, c ) \ v P (a) > -r + 1}. 

In particular 

Ftt° P G a (r]c) = Fil P G a ( Vc ) = c ,p- 
Proof. Recall that the local symbol of G a at a point P G C is given by (see Theorem 

(a, /) P = Resp(ay). 

The inclusion D is thus straightforward to check. For the other inclusion take 
a G FiVp& a (ric) and assume we can write a = u/t s with s ^ r, u G &cp an< ^ 
i G ^c.p a local parameter. Then for b G <^c.p we have by definition of Fil 



= (a, l + bt s ) P = Resp 



u d(l + bt s ) 
¥ l + bt s 



„ / sub dt\ „ / ub „\ „ 

= Res ^ (tt^tJ + Rcsp {TTbF db ) = ^W^^))- 

Since Tr : k(P) x k(P) — > k(xc), (A,/j) n> Tr(A/i) is non-degenerate, we get 
u(P) = 0. A contradiction. □ 

Proof of Theorem [5.4.7\ For X G RegCon^ 1 define 

$ x :G a {X) x (G m (X)) xn ^fT(X), (a, &„) ^ a^- •■• 

Clearly the collection $ = {^xlxeRcgCon^ 1 satisfies condition (LI) of Definition 
l4~T5l and by (Trl), (Tr2) and (Tr7) in [£0 also condition (L2). Now let C G 
{ c io '/ 1 S) be a curve, P G C a point and ro,...,r„ 5^ 1 positive integers. Take 
a G FilpG a (?7c) and bi G FilpG m (r/c) = G m {rjc), i — l,...,n. Then we can 
write a = -p^r with ao G ^c,p (by Lemma r5.4.8[) and fa; = t Si Ui with G Z and 
i*i G P . Then for u = 1 + t r c G C/p r ' with r := max{ro, . . . , r„} we get 

du / a dwi du n t r ~ x (rcdt + tdc) 

Resp $(a,6i...,6„)— = Rcs P — — T — — 

u \t r ° 1 ui u n 1 + i r c 

/ 

ap du\ dt du n t r 1 (rcdt + tdc) 



"Y] SiResp 



fo- 1 Ml M„ 1 +t r C 

\ i-th place / 

which clearly is zero. Hence $(a, b\ . . . ,b n ) G Filpil™(77c) and thus satisfies (L3). 
Therefore $ is an (n+l)-linear map of reciprocity functors and the universal prop- 
erty of T(G a , G^j") yields a map of reciprocity functors (also denoted by $) 

$:T(G a ,G*™)^f>". 

By the very definition of $ and 9 we have $ o 9 = id^n (it suffices to check this 
on S'-points). In particular 9 is injective. Since it is also surjective by Proposition 
15.4.61 the theorem follows. □ 

5.4.9. Remark. The above theorem should be compared to 1 1 11 Thm. 3.6]. In 
particular 

T(G a , G*™) = K(F; G a , G*"), 

where the K-group on the right is the Somekawa-type K-group defined by Hira- 
nouchi in [TTJ Def. 3.3]. 
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5.4.10. Assume F has characteristic p > 0. Notice that d : SI™ 1 — > 0™ is a map 
of Z-reciprocity functors and thus 

X i ^ SiSl"(X) := (dfi^XJC) 

defines a Nisnevich sheaf with transfers on Reg^ 1 , BiQ, n £ NT. We denote by 
S7"/-BiSl" 6 NT the quotient in NT. Furthermore for any X £ Rcg^ 1 we have the 
inverse Cartier operator 

C" 1 : fi£ -> fi^/B^, 

which on stalks is given by 

X,P X.PI X,P: bi K bi K 

The Cartier operator is clearly compatible with pullbacks and it is well-known that 
it is also compatible with the trace (see e.g. [551 Thm. 2.6, (i), (v)] and use that the 
Frobenius on the de Rham-Witt complex lifts the inverse Cartier operator). Thus 
we get a morphism of Nisnevich sheaves with transfers on Rcg^ 1 

c _1 : sr -> n n /Sin n m nt. 

Recursively we define B r Sl n £ NT for r 2 as the Nisnevich sheaf with transfers 
which as a Zariski sheaf on X £ Reg^ 1 is defined as the preimage of C _1 (B r _iO A ,) 
under the natural surjection fi^ — > D^/Bi (see e.g. [21 (2.2)]). We obtain a chain 
in NT 

:= B Q C B x C . . . C B r C . . . C 0" 

and we set 

BooO" := (J B r Q" C SI" in NT. 

r 

The the inverse Cartier operator induces thus an endomorphism in NT 

C 1 : Sl^/Boo — > n /S o0 . 

5.4.11. Remark. Clearly the Bifl n 's defined above are also reciprocity functors. But 
we don't know whether B\ is the image of d in RF or whether il n /B r , r ^ oo, 
is a reciprocity functor (condition (Inj) is not clear). But £l n /B r is a lax Mackey 
functor with specialization map and hence we get a reciprocity functor £(17™ / B r ). 
In view of the corollary below it would be nice to know whether for an S-point x 
the natural surjection Q%/B r (x) — > T,(Cl n /B r )(x) is actually an isomorphism; for 
this we need to check (see Lemma r3.2.5[) whether sp (fig. pr\B r (rjc)) is contained in 
B r (P), for all C £ / S) and all P £ C. In case P is separable over xq this follows 
easily from the existence of a fine residue map (c.f. I2.5.3[) Resp : 0™ — > Sip -1 , 
which satisfies Resp^^) = sp(a), for a £ O^p an d t a local parameter at t, and 
which sends -B r S!" c • * to _B r Sl p . But in general we don't know whether it is true. 

5.4.12. Corollary. j4ssMme F /ias characteristic p > 0. TTien t/ie surjective mor- 
phism of reciprocity functors 9 : SI™ — > T(G a ,G^) /rom Proposition \5.4-4\ factors 
via 

Q n /Boo^T(<G a ,G*) m NT 
and i/ie following diagram commutes (in NTj 

T(G a ,G^)^tT(G ai Ga, 
where F : G a — > G a is i/ie absolute Frobenius. 
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Proof. The commutativity of the diagram is immediate once we know the vertical 
maps exist. Thus we have to show that for any X G RegCon^ 1 and any r ^ 1 the 
map sends B r (X) to zero. Since T(G a ,G* n ) is a reciprocity functor it suffices 
to prove this for all S'-points x. First we show that B\(x) is mapped to zero in 
T(G a , GJ,")(i), i.e. we have to show that for a <G k(x) x and b 6 G m (x) xn ^ 1 we 
have 

T (a,a,b)=0 inT(G a ,G*")(:r). 

We can assume that n{x) contains a (p — l)-th primitive root of unity £, else we 
consider ip : Spec k(x)(() —> x, which is of degree prime to p and get 

degip ■ r(a, a,b) = (p*T{(p*a, ip*a, <p*b) — 0. 

Further by Remark |4 . 2 . 1 01 we can also assume ( lies in our ground field F. Propo- 
sition 15.4.41 implies 

r{a,a,b) = r(o + l,o+ 1,6) in T(G a , G* n )(x). 

Applying F eg) id we obtain 

T(a p ,a,b) = T((a + l) p ,a + l,b). 

On the other hand, Proposition 15.4.41 yields 

r((a + l) p , a + 1, 6) = r((a + l^a, a, 6) in T(G a , G *")(». 

So that all in all we obtain 

r((a p - 1 - (a + lf" 1 )^® 6) = in T(G Q , G*")(x). (5.23) 

Consider A 1 = Spec«(x)[t] C P 1 . Since (t?" 1 - (t+ l) p_1 )a £ G a (P 1 , (p - 1) • {00}) 
we have 

r{{t p - 1 - (t + ly-^o, a, 6) G T(G a , G^")(P 1 , (p - 1) ■ {co}). 

Further / := * P fp ~° P — G G m (r^pi) is congruent to 1 modulo (p — 1) • {00}. Thus 
reciprocity yields 

0= ]T Up (/)Trp /xS p(T((F-^ + lf->,a,6)) 

PGA 1 
p-1 

= E r (((<) p_1 - « + l) P_1 Ka,6) + (P- l)r(o,a,6) . 

2=0 

Using C G F, LcmmaEXIJ r(c, C%6) = for all c G G a (x), all i, and (|5^5|) for a( l 
we obtain 

p-i 

= E ^ ' T ((KT^ 1 - « + l)"" 1 )^. Ca, 6) + (p - 1)t(o, a, ft) 
= (p- l)r(a,a,6). 

Hence 6* maps £?i to zero. By definition of B n , the image of B n in T(G a , G^ n )(x) 
equals F (g) id(image of in T(G a , G^")(a;)) and hence vanishes by induction. 

This gives the statement. □ 

5.4.13. Remark. One would like to construct a map from T(G a , G^n) to S(ri n /B 00 ) 
using the universal property as in the proof of Theorem l5.4.7l The problem is that 
we don't have a description of FilpGa^c) in positive characteristic. In case P is 
separable over xc this can be done (cf. [TS], Prop.6.4]). But the points which are 
inseparable over xc make trouble. 
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5.5. A vanishing for unipotent groups. 

5.5.1. Theorem. Assume char(«;(iS)) ^ 2. Let . . . be X-reciprocity func- 
tors and assume that at least two of them are smooth connected commutative unipo- 
tent group schemes over S . Then 

T(.^, , . . . , Jt n ) = 0. 

Proof. We may assume that J&\ = G and = H are smooth connected com- 
mutative unipotent group schemes over S. Then G and H have subnormal se- 
ries whose quotients are isomorphic to G a (see e.g. [221 XV, Prop. 2.20]). If 
C G r C . . . C G\ C G is such a series for G, then all the GVs are again smooth, 
connected, commutative and unipotent (see e.g. the comment before [231 XV, 
Prop. 2.20]) and satisfy H^ pf G<) = for all X G Reg <x , x £ X (since 

H^ p{ (ff^ x ,G a ) = 0). Thus the sequences -> G* -> G 2 _i -> Gj/G,-_i = G a -> 
are exact also in RF (by Lemma 13.2. 12|) . Since the same works for if the right ex- 
actness of T (see Corollary |4.2.9[) reduces us to the case G = H = G a . In this case it 
suffices to show that for any S'-point x and any elements a, b G G a (x), G 
we have (with m = (7712, . . . , m n )) 

T{a,b,m) = in T(G a ,G a ,^ 2 ,...,^„)(x). (5.24) 

To show this consider it : x and write \ {00} = Spec k; Then 

7r*(a) -t,TT*(b) -t G G a (pi,2{oo}) and tt*^) G ^(P 1 ). Thus 

r :=T(n*(a)-t,Tr*(b)-t,n*(m)) G T(G , G OJ4 ^)(Pi, 2{oo}). 

Define / := t 2 /(t 2 — 1) G «;(#)(£), which is congruent to 1 modulo 2{oo}. Then the 
reciprocity law yields 

= (to, /)p = — t(o, 6, m) — t(— a, —b,m) = — 2t(o, b,m), 
Perl 

which proves (|5.24|) . □ 
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